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High-efficiency E3B drifting electron laser with electrostatic wiggler

Spilios Riyopoulos
Science Application International Corporation, McLean, Virginia 22102

~Received 3 February 1997!

High power operation of anE3B drifting electron laser~DEL! with electrostatic~ES! wiggler offers the
same advantages with the previously introduced magnetostatic wiggler~MS! version, namely, much higher
efficiency than the free electron laser~FEL! h<1/2Nw limit, due to unrestricted particle excursions. A param-
eter scaling allows unified treatment of oblique radiation emission, space charge effects and sensitivity to beam
thermal spreads, for both the ES and MS cases. Emission at an angle relative to the drifting beam occurs
naturally in an ES wiggler, while tilting the resonator axis is proposed to compensate for the off-axis walk of
the emitting electrons for finite radiation spot size. No efficiency loss occurs at small tilt angles. It is also
shown that DEL’s exhibit much higher tolerance to low beam quality than FEL’s. Finally, the DEL operation
at low radiation power, with finite trapped particle excursions, is analyzed. It is shown that the efficiency there
can still exceed that of a comparable FEL, particularly at low wiggler strengths.@S1063-651X~97!02810-9#

PACS number~s!: 52.75.Ms, 41.60.Cr
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I. INTRODUCTION

In a drifting electron laser~DEL! a relativisticE3B drift-
ing beam in orthogonal static electric and magnetic fie
@1,2# is undulated by a periodic variation in eitherE or B.
Though the relativistic frequency upshifting is the same a
a free electron laser@3–6# ~FEL!, the interaction mechanism
is distinctively different. The emitted radiation energy a
momentum come respectively from the change in the e
trostatic energyeE0dX and vector potentialeB0dX of the
electron,dX being the recoil of the guiding center~GC! lo-
cation perpendicular to the drift direction. Since the wav
particle resonance depends on the average electron drif
locity, u5cE0 /B0 , the change in the ES energy does n
cause detuning.

Previous DEL studies focused on a magnetostatic~MS!
wiggler configuration@1#. Because the wiggler strength mu
vary in the direction of the dc electric field, a separate w
gler magnet is needed orthogonal to the uniformB0 magnet.
For exactly the same reason, the periodic and the unif
potential are applied on the same direction in case of a D
with electrostatic~ES! wiggler. Applying both the uniform
and undulating voltage on the same structure, Fig. 1, of
advantages in compactness and number of magnets requ

The present paper discusses a DEL with electrostatic w
gler. It is shown that the resonant interaction comes from
beating of theaxial ~parallel to the beam velocity! compo-
nents of the wiggler and the radiation field, as they appea
the moving frame, instead of the usual beating among
transverse wiggler-radiation fields occurring with an M
wiggler. Under equal ES and MS wiggler strengthsVw
5Aw the normalized strengthaw is higher by a factorgubu
in the ES case. The coupling strength also changes b
factorgu

2businf; radiation is emitted at a small anglef rela-
tive to the beam direction.

With the introduction of proper scaling factors, a simil
dynamic description applies to both ES and MS wigglers
has already been demonstrated that at high power opera
the electronic efficiency by far exceeds the FEL limit 1/2Nw ,
561063-651X/97/56~4!/4710~15!/$10.00
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Nw being the number of wiggler periods; there is no inve
gain-efficiency relation as in an FEL. A unified treatment
adopted here to address the issues related with oblique e
sion, space charge effects, sensitivity to beam quality,
efficiency at low power operation.

Oblique emission~at a small angle! naturally dominates in
a ES wiggler. For large radiation spot size it is shown that
reduction in efficiency is caused by the oblique emission
case of small radiation spot size, resonator tilting can
applied as a tapering mechanism for both wigglers, in or
to maintain the spatial overlapping between radiation and
off-axis walking electrons.

It is shown that the space charge of a laminar beam h
similar effect with the gradient in the wiggler strength: th
both create a shear in theE3B velocity of the beam. The
magnitude of that shear, balanced again the focusing ef
of the radiation, determines whether the particle excursi
are unbound or not; island formation in the second case
its the efficiency. It is found that space charge effects
easier to overcome than the wiggler gradient effects.

While high efficiency with unbound electron excursio
occurs at high radiation powerAr.Aw , the operation at low
power reverts to trapped particle island formation and 1/Nw
efficiency scaling@6# as in an FEL. That is true for an ES
wiggler DEL as well, despite the originally expressed ho
for the opposite@1#. Yet, depending on the operation param
eters, the coefficient multiplying 1/2Nw can be much higher
than unity, and the DEL efficiency, for both ES and E
wigglers, can still exceed that of a comparable FEL.

The sensitivity to beam quality is finally addressed.

FIG. 1. Illustration of the drifting electron laser concept with a
electrostatic wiggler.
4710 © 1997 The American Physical Society
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56 4711HIGH-EFFICIENCY E3B DRIFTING ELECTRON LASER . . .
velocity mismatchper sedoes not affect the resonant cond
tion since the drift velocity is determined byE03B0 . Ther-
mal velocity spreads are converted into a shift of the G
position from the intended location, and give rise to fin
Larmor radius. It is shown that the effect of thermal sprea
on efficiency is much lower in a DEL and easier to overco
than in a comparable parameters FEL.

The rest of the analysis is divided as following. Section
introduces the field configuration and the basic opera
principle for an ES wiggler. A general resonant interacti
Hamiltonian for the slow time scale motion of the electr
GC is derived in Sec. III in the frame moving at the dr
velocity, unifying ES and EM treatment and including spa
charge effects. Section IV is dedicated to computing the n
linear efficiency at saturation for a sheet beam as a func
of the frequency detuning and the beam placement in
gap. Section V examines low power DEL operation wh
island formation takes place. Section VI discusses the se
tivity to thermal spreads and the effects of finite size rad
tion envelope. Section VI summarizes the results.

II. OPERATION PRINCIPLE
FOR THE ES WIGGLER DEL

Schematic illustration of the electrostatic-wiggler DE
concept is shown in Fig. 1. The applied static fields are gi
by

B5B0ŷ, E5E0x̂1Ew@sinh~kwx!cos~kwz!x̂

2cosh~kwx!sin~kwz!ẑ#, ~1!

derived from the potentials

A05Bnaughtxẑ, F0~x!5Enaughtx. ~2a!

Ew52¹Fw , Fw52Vwcosh~kwx!cos~kwz!. ~2b!

In the notation of Eqs.~12! the uniform dc electric and mag
netic fields are negative,E052Enaught andB052Bnaught,
respectively, where the positiveEnaught andBnaught signifies
the field magnitudes. The arrangement was chosen so
the wiggler strength varies along the direction of the unifo
staticE0x̂, a necessary condition in order to have significa
gain. The uniform~i.e., spatially averaged! component of the
applied dc voltage isV05F0(D)2F0(2D) where 2D is
the anode-cathode spacing. The interaction Hamiltonian

H5Am2c41c2FP1
e

c
~A01Ar !G2

2eF02eFw , ~3!

where2e is the electron charge andP5p2(e/c)(A01Ar)
is the canonical momentum.

The electron GC undergoes anEw3B0 oscillation, on top
of the LaminarE03B0 velocity, and undulates on thexz
plane perpendicular to the uniform magnetic field. The em
ted radiation is also polarized in thexy plane. Direct cou-
pling between the wiggling motion and the radiation~pro-
ducing the ‘‘beating’’ termAw•Ar!, is achieved when the
radiation is emitted at a small anglef relative to the~unper-
turbed! beam velocity~Fig. 2!,
s
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Ar5ArS cosf x̂
0

sinf ẑ
D sin~krxx1krzz2v r t !, ~4a!

kr5S krx

0
krz

D 5S sinf
0

cosf
D kr . ~4b!

There is also indirect coupling between undulation and
diation, mediated by the cyclotron motion; the couplin
strength is smaller by a factorkwr, a small number for DEL
operation, relative to the direct coupling. Only the small
direct coupling remains at exactly parallel emissionf50;
direct coupling dominates above a small angle tanf.kwr.

Since no force is acting in they direction the canonica
momentumPy is a constant of motion that is set to zero,

Py5py50. ~5!

The interaction responsible for the lasing action follows fro
the equations of motion in the other two directionsxz are

dv

dt
52

e

gm S E1
v3B

c D2v
1

g

dg

dt
, ~6!

where the rate of change of the energy is given by

mc2
dg

dt
52ev•E. ~7!

The GC of the cyclotron rotation for an ‘‘unperturbed’’ ele
tron drifts along z with average E03B0 velocity u
5cE0 /B0ẑ; at the same time, it undergoes anEw3B0 undu-
lation in thexz plane due to the periodic wiggler actionEw .
The transverse wiggling velocityvx0 interacts with the radia-
tion magnetic field B1y to produce an axial forcef 1z
5evx0B1y /c. Application of the axial force on a particle
gyrating aboutB0y causes the GC of the gyration to dri
along x, i.e., in the direction perpendicular to bothf 1z and
B0y . The subsequent change in the particle potential ene
d(2eF0)52eEnaughtdx is converted into radiation energy
The change in the electron canonical momentum, associ
with the vector potentialdPz5d(2eAy0 /c)52mVdx, is
converted to radiation momentum. The cyclotron rotation
ergy is also frozen, since no cyclotron resonance is involv
Hence the particle kinetic energy and momentum remain
variant during radiation emission.

FIG. 2. Illustration of the geometry and field arrangement in
DEL with electrostatic wiggler.
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4712 56SPILIOS RIYOPOULOS
More specifically, the energy-momentum conservat
during a photon emission/absorption at an anglef relative to
the beam direction yields@7#

2mVdX57\~kw1krcosf!, ~8a!

2eEnaughtdX57\v r , ~8b!

where V5eBnaught/mc. Dividing Eq. ~8b! by Eq. ~8a! to
eliminate dX, and usingu5eEnaught/mV for the E03B0
drift velocity, yields the DEL operation resonance

v r2~kw1krcosf!u50, ~9!

with resonant emission frequency

v r5S 11
u

c
cosf D ḡu

2kwu, ~10!

where ḡu
25A12cos2fu2/c2. For u.c and given that cosf

;1/ḡu!1, Eq. ~10! yields v r.2gu
2kwc, corresponding to

the frequency of an FEL with beam velocity equal to t
zeroth-order driftu. The difference from an FEL is tha
according to Eq.~8b!, it is the electrostatic, rather than th
kinetic energy, being converted to radiation. Also, there is
cyclotron resonance involved in Eq.~9! and therefore no
energy exchange takes place with the cyclotron rota
about the drifting GC, distinguishing the DEL from a cycl
tron maser@8#.

In the ES wiggler DEL the radiation electric field lies o
the same plane with the cyclotron rotation~Fig. 2!, causing
direct coupling of the gyromotion with the radiation~in a MS
wiggler DEL the radiation electric field is perpendicular
the plane of gyration!. As a result, emission is also possib
at the drift-cyclotron resonances defined by

v r2krcosfu7
nV

gu
2 50, ~11!

Finally, in both ES and MS wigglers emission also occurs
the wiggler-cyclotron hybrid frequency

v r2~kw1krcosf!u7
nV

gu
2 50, ~12!

which is the relativistic upshift of the sum of the wiggler plu
the cyclotron ~harmonic! frequency. When cyclotron har
monics are involved both ES plus cyclotron rotation ene
are converted to radiation, necessitating separate treatme
the DEL operation atnÞ0. The present analysis deals wi
operation at the fundamentaln50, Eq. ~9!.

The DEL operation principle is more similar to that
crossed-field devices@9,10# ~magnetrons! where a slow wave
vp!c ‘‘caviton’’ is emitted by a drifting electron; here th
emission of a photonvp5c requires the mediation of th
wiggler kw to satisfy momentum conservation. In both d
vices the linear gain is proportional to the transverse spa
derivative of the stimulated emission probability@7,11#, as
opposed to the frequency derivative entering the FEL lin
gain. Therefore, in both devices the linear@7,11# and nonlin-
ear @1,10# gains are found symmetric relative to the fr
quency detuning from resonance, contrasting the antis
n
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metric gain vs frequency@3–6# for FEL’s. Because of the
dependence on the transverse spatial gradient, the basic
theory is necessarily two dimensional; one dimension s
fices to describe the basic FEL interaction. The DEL gain
antisymmetric relative to the beam displacement from
center of the cavity.

III. RESONANT PARTICLE MOTION
IN THE DRIFTING FRAME

It is simpler to consider the particle motion in the fram
moving at theE03B0 drift velocity where the Lorenz trans
formed dc electric fieldE0x8 is zero, and the unperturbe
electron motion is a cyclotron rotation with constant Larm
radius about an oscillating GC@in the lab frame the gyration
appears elliptic due to the Lorenz length contraction in thz
direction; the gyroradius varies with the gyroangler→r(u)
complicating Bessel function expansions#. The energy ex-
change in the lab frame will eventually be expressed in te
of the drifting frame coordinates, exploiting the four-vect
covariance ofv•E.

The drifting frame quantities, labeled by a prime, are
lated with the lab frame~unprimed! quantities as

E0x8 5guS E0x2
u

c
B0yD50,

B0y8 5guS B0y2
u

c
E0xD5

B0y

gu
, ~13!

Ar8[S Arx8

0
Arz8

D 5S Arx

0
guArz

D
5ArS cosf

0
gusinf

D sin~krx8 x81krz8 z82v r8t8!,

F r852gu

u

c
Arz

52gu

u

c
Arsinfsin~krx8 x81krz8 z82v r8t8!, ~14a!

Fw8 5guFw52guVwcosh~kwx8!cos~kw8 z82vw8 z8!,

Awz8 52gu

u

c
Fw5gu

u

c
Vwcosh~kwx8!cos~kw8 z82vw8 z8!,

~14b!

whereVw5kw
21Ew and use was made of the scalar inva

ance of the phasek•r2vt. The following notation is intro-
duced:A for a vector andA for its vector components~both
amplitude and phase!, while A signifies just the amplitude
Notice that the Lorenz transformations mix electrostatic~F!
and axial vector potential (Az) components so that the E
wiggler potential in the lab frame generates a vector poten
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56 4713HIGH-EFFICIENCY E3B DRIFTING ELECTRON LASER . . .
component in the drifting frame; the latter produces the
rect coupling between wiggler undulation and radiation
the particle interaction Hamiltonian which will follow. Th
frequencies and wave numbers transform according to@12#

S krx8

0
krz8

D 5S krsinf
0

gukr~cosf2bu!
D , v r85gu~v r2kru cosf!,

~15a!

kw8 5kw , kw8 5gukw , vw8 5gu~2kwu!, ~15b!
io
q

re

he
-

e
g
itc
i-and V85V/gu , wherebu5u/c and gu5A12(u/c)2. Ap-
plying transformations~14! to the resonant condition~9! it
follows that @12#

krz8 5bu

cosf2bu

12cosfbu
kw8 . ~16!

Hence for small sinf;e!1, cosf;12e2, one haskrz8 .kw8 in
the drifting frame.

Employing expressions~13!–~15! for the fields, the inter-
action Hamiltonian in the drifting frame is given by
H85Am2c41c2@~Px81eArx8 !21~Pz81mV8x81eAwz8 1eArz8 !2#2eFw8 2eF r8 . ~17!
e.

ro-

am
,

il-
s,
y

Ordering according to the small parametersP'8 /mc
;eAr /mc2;eAw /mc2;O(e)!1 the drifting frame Hamil-
tonian is expanded asH85H081H18 . Here

H085Am2c41c2@Px8
21~Pz81mV8x8!2#2eFw8 2eF r8

5mc2g'8 2eFw8 2eF r8 , ~18!

involves the integrable part~relativistic cyclotron motion!
plus first order terms ine; the second order

H18.
1

2g'8 m F2Px8
e

c
Arx8 12~Pz81mV8x8!S e

c
Arz8 1

e

c
Awz8 D

12
e

c
Awz8

e

c
Arz8 1S e

c
Awz8 D 2

1S e

c
Arz8 D 2G ~19!

describes the pairwise interactions among cyclotron rotat
undulation and radiation. After a cyclotron expansion of E
~19! it is clear that only the productAwz8 Arz8 involving the
beating of the wiggler and radiation vector potentials, cor
sponds to resonant interaction at the DEL frequency~9!. The
rest of the terms correspond to resonances~11! and~12! with
Doppler-shifted cyclotron~harmonics!, far from the opera-
tion frequency.

There are two time scales involved in the motion. T
undulation periodtw8 .1/vw8 and the cyclotron oscillation pe
riod tc8;1/V8 are much shorter than the characteristic tim
D(dX/dt)21 of the resonant interaction. To take advanta
of the separation in temporal and spatial scales we sw
into the GC coordinates

x85X81r8sinu8, Px852mV8r8cosu8, ~20!

z85Z81r8cosu8, Pz852mV8X8,

whereX8,Z8 define the GC location,r85(22I 8/mV8)1/2 is
the Larmor radius, andu8 is the cyclotron angle. A fast-time
averaging of the transformedH8(I 8,u8,X8,Z8), yields ~Ap-
pendix A! the slow-time scale Hamiltonian

HR85mc2ḡ'8 1
mc2awar

2ḡ'8
gu

2businfcosh~kw8 X8!
n,
.

-

e
h

3sin~K8C81krx8 X8!2
Dv8

K8
mV8X8, ~21!

ḡ'8 ~X8!5A11b'8
21

1

4
gu

2bu
2S eVw

mc2D 2

~11cosh@2kw8 X8# !,

~22!

where b'8 5(22V8I 8/mc2)1/25V8r8/mc is a constant of
motion. The ponderomotive phase in Eq.~21! depends on
both X andZ positions through

C85Z82Dv8 t8/K8, ~23!

where

K8[kw8 1krz8 .2kw8 , Dv8 [v r81vw8 . ~24!

Using the relativistic transformations~15! inside Eq.~24!,
we see thatDv8 5guDv , where

Dv5v r2~krcosf1kw!u ~25!

is the detuning from synchronism observed in the lab fram
The orbits in the drift frame are given byHR85const. At
exact synchronism,Dv50, the GC motion is anE3B drift
along the ponderomotive equipotentials that appear ‘‘f
zen’’ in the drifting frame.

The effect of the space-charge field from a laminar be
is easily superimposed on Eq.~21!. The beam self-potential
viewed in the frame moving with the drift velocityu0 at the
beam centerX5d, adds the contribution (1/2)guvb

2(X
2d)2 to the interaction energy. Hence, the generic Ham
tonian for oblique emission with either EM or ES wiggler
including the equilibrium space-charge effects, is given b

HR85mc2ḡ'8 1mc2A cosh~kw8 X8!sin~K8C81krx8 X8!

2
Dv8

K8
mV8X82

1

2
guvb

2~X82d!2, ~26!

g'8 5A11b'8
21āw

2 ~X8!,
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āw
2 ~X8!5

1

4
aw

2 ~11cosh@2kw8 X8# !. ~27!

Expression~26! is similar to that in a MS wiggler DEL. It
can be used for a unified treatment of both an ES and an
wiggler DEL emitting at an anglef under the following
symbol definitions, respectively:

A5
awar

2ḡ'8
gusinf, aw5gubuS eVw

mc2D , ~28a!

A5
awar

2ḡ'8
cosf, aw5S eAw

mc2D . ~28b!

The difference in coupling strengthsA reflects the fact tha
interaction in the ES wiggler occurs through the beating
the axial~parallel to the beam! wiggler and radiationErsinf
fields; the transverse components,Ercosf, are involved in an
MS wiggler. For equal wiggler strengthsVw5Aw , the nor-
malized ES strengthaw exceeds the corresponding MS b
gubu . Under equalaw , the operation with MS and ES wig
glers is roughly equivalent when the coupling strengthsA
are equal, that is for emission at an anglegu5cotf. At high
gu emission is nearly parallelf!1.

The general slow-time equations of motion are

dX8

dt
5mc2A

K8

mV8
cosh~kw8 X8!cos~K8C81krx8 X8!,

~29a!

dC8

dt
52mc2AF kw8

mV8
sinh~kw8 X8!sin~K8C81krx8 X8!

1
krx8

mV8
cosh~kw8 X8!cos~K8C81krx8 X8!G1

Dv8

K8

2
c2

2g'8 V8

]āw
2

]X8
2gu

vb
2

V8
~X82d!. ~29b!

The wiggler strength gradient and the space-charge pote
act in a similar way: they cause a shear in the drift veloc
given, respectively by the third and fourth term in Eq.~29b!.
It is the magnitude of that shear that will determine whet
the trapped particle motion is unbounded or bounded.

For ar,aw , the shear in the drift velocity leads to finit
excursion and island formation. At high radiation powerar
.aw ~and for a uniform radiation amplitudedar /dX50
across the cavity!, the typical phase space topology, plott
in Figs. 3~a! and 3~b! exhibits unbound orbits interceptin
the plates. Unlike the nonlinear pendulum-type trapped p
ticle orbits in an FEL, characterized by a finite size trapp
islanddX}(awar)

1/2, here both fixed points are unstable a
the excursiondX transverse to the wave propagation is u
bounded. The difference between Figs. 3~a! and 3~b! is low
and high detuningDv , respectively. In Fig. 3~a! the phase of
all electrons is trapped and the motion of trapped partic
~shaded! is not bounded; given enough time they will b
intercepted at6D. In Fig. 3~b! streaming particles appea
the motion of these particles oscillates about an average
S

f

ial
,

r

r-
d

-

s

o-

cationX, and the average contribution to energy exchange
nearly zero~but not exactly because up and down excursio
are not symmetric!.

IV. LARGE SIGNAL EFFICIENCY
UNDER OBLIQUE EMISSION

The computation of the wave-particle energy exchan
performed in Ref.@1#, shows that the total radiated energ
from Ne electrons is related to the change in the GC poten
energy by

dWr5NeeE0^dX&5Ne

^dX&
2D

eV0 . ~30!

FIG. 3. Typical GC orbits, viewed in the drifting frame, fo
uniform radiation amplitude and emission anglef50.5°, showing
unbound trapped particle excursions~no island formation! ~a! j be-
low critical detuning and~b! j above critical detuning.
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56 4715HIGH-EFFICIENCY E3B DRIFTING ELECTRON LASER . . .
The emitted radiation energy equals the change in the po
tial energy of the beam center of charge^X&5Ne

21(Xi , and
amounts to a fraction̂dX&/2D of the total dc potentialV0 .
In addition, the charge redistribution in the interaction spa
induces image currents on the anode-cathode plates; th
source consumes an energy amount equal to the radiate
ergy in maintaining the fixed voltage,

dW05NeeEnaught̂ dX&5Ne

^dX&
2D

eV0 . ~31!

The injected beam energy isWb5NeVb , where the beam
voltage is defined by the kinetic energyeVb5(gu21)mc2

assuming that all electrons are injected exactly at theE0
3B0 velocity. Dividing the radiated energy by the su
dW01Wb , yields the electronic efficiency as

h5
dWr

dW01NeeVb
5

~^dX&/2D !~V0 /Vb!

11~^dX&/2D !~V0 /Vb!
. ~32!

The efficiency is determined by the ratios^dX&/2D and
V0 /Vb . The efficiency is large for unbound excursions; th
one can havê dX&/2D.1/2 andh.33% for a moderate
valueV0 /Vb.2.

Most of the radiated energy comes from trapped partic
whose excursions are unbound and so, given enough inte
tion length, they can cross the full cavity gap. The stream
particle excursions are nearly symmetric about the injec
location and average to zero. The space boundaries betw
streaming and trapped particles are the separatrix curves
the trajectories passing through the~unstable! fixed points
X08 , C08 , zeros ofdX8/dt85dC8/dt850, Eqs. ~29a!. Ne-
glecting the shear terms, of orderaw

2 , compared toawar ,
yields

kw8 X0856sinh21~j!,

K8C0856sgn~j!
p

2
2krx8 X0856sgn~j!

p

2

7
1

gu

sinfbu

12bucosf
sinh21~j!, ~33!

where the detuning parameterj is defined by

j5
Dv8 V8

Ac2~krz8 1kw8 !kw8
5

DvV

2Aguc2kw
2 . ~34!

All particles are trapped in the ‘‘ponderomotive’’ potent
over a finite range of detuning2jc,j,jc . Streaming~un-
trapped! particles first appear at the middle of the gapX8
50 ~where the wiggler strength is minimum! when uju
.jc . The critical detuning value marks the transition fro
the topology of Fig. 3~a! to that of Fig. 3~b! and the critical
value equation

A11jc
25jcsinh21jc , ~35!

obtained in Ref.@1#, yields the critical detuning valuejc
51.5088.
n-

e
dc

en-

s,
ac-
g
d
en

.e.,

The gain and efficiency are now computed for a mono
ergetic sheet beam of fixedg' ~notice thatgu is automati-
cally set by theE03B0 drift!. The guiding centers of the
injected electrons are located atX5d and distributed uni-
formly alongC8. We are interested in the fraction of trappe
particles moving upwards inX, marked by the heavy-shade
area in Figs. 3~a! and 3~b! releasing potential energy as ra
diation. Following Ref.@1#, the upward fraction equals th
width of the line segmentX5d inside the heavy shaded are
of Fig. 3~b!, divided by 2p,

f up5
K8C18 2K8C28

2p
. ~36!

For uju,jc the end points of the segment are given by

sin~K8C68 1krx8 d!5
6A11j22j@6sinh21j2kw8 d#

cosh~kw8 d!
,

~37!

At saturation, the average GC excursion of the upw
trapped electrons equals the beam-cathode separation^dX&
5D2d and, according to Eq.~32!, the energy released a
radiation is

dWr52F f up

D2d

2D
2~12 f up!

D1d

2D GeV0 . ~38!

The second term subtracts the energy absorbed by part
moving downwards, since we have assumed that the ra
tion fills the space. For detuning increased aboveuju.jc the
emerging streaming particles about the midplaneX50, sepa-
rate two trapped populations. The trapped particles ab
and below the midplane lead to net radiation gain or
absorption, respectively. The new end-points for the upwa
trapped fraction@heavy shaded area in Fig. 3~b!# areK8C18 ,
K8C28 52(p1K8C18 ), where

sin~K8C18 1krx8 d!5
A11j22j@sinh21j2kw8 d#

cosh~kw8 d!
. ~39!

The energy released as radiation is

dWr52sgn~d! f up

D2d

2D
eV0 . ~40!

In both Eqs.~38! and ~40! the beam must be placed abov
the midplaned.0 for gain.

According to Eqs.~37! and ~39!, the end points of the
beam segment inside the shaded area shift by the s
amountkrx8 d relative to the parallel emission casekrx8 50.
Hence, the trapped particle fraction, as well as the efficie
in terms of detuning, is given by the same function of t
detuningj as inf50. The emission anglef modifiesj for
given frequency mismatchDv .

The upward trapped fraction is symmetric in detunin
meaning that the same gain results at opposite freque
mismatches6Dv for given beam locationd. The frequency
symmetry G(2Dv)5G(Dv) contrasts the antisymmetri
gain for an FEL, and reflects the dynamical symmetry of
phase space; the GC flow patterns corresponding to opp
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detunings are mirror-symmetric relative to reflection arou
the C850 plane @compare Figs. 3~a! and 4#. Instead, for
fixed detuning, the DEL gain is antisymmetric in the bea
placement relative to the gap middled50; opposite beam
locations correspond to opposite gainsG(2d)52G(d).

Level curves of the efficiencyh from Eqs.~38!–~40! are
plotted in kwd2j space in Fig. 5 forV0 /Vb52 inside an
A-K gap kwD52.25. There is a wide range of detuningj
where the electronic efficiency is better than half the ma
mum efficiency of 55% obtained atkwd.0.7, j.1.6. That
demonstrates the small sensitivity of the gain to therm
spreads and the injected GC location, as well as the h

FIG. 4. Structure of the GC streamlines for the opposite det
ing of Fig. 3~b!. The reflection symmetry of the phase space arou
C850 generates the gain symmetry relative to detuning revers

FIG. 5. Level plots of efficiency inkwd2j space. HerekwD
52.25 andV0 /Vb52.
d

i-

l
h

bandwidth capability of a DEL amplifier. The optimum bea
placement is a compromise between maximizing the
wards trapped fractionf up at d;D and maximizing the per
particle extracted energy that is proportional to the trave
distanceD2d. The optimum beam placementd* is inde-
pendent of the external voltage, depending only on the r
kwD of the anode-cathode gap to wiggler wavelength.

The efficiency vs the number of wiggler periodsNw , ob-
tained by numerical integration of Eqs.~29!, is plotted in
Figs. 6~a! and 6~b! for some typical values of frequency de
tuning and beam placement in the gap, and forV0 /Vb52
inside anA-K gap kwD52.25. In all curves the efficiency
approaches quickly the corresponding saturation valu
marked inside the level plot of Fig. 5; for this particula
example, assuming an interaction strengthawar51022 satu-
ration occurs after only 10–15 wiggler periods.

-
d
l.

FIG. 6. Sheet beam efficiency vs number of wiggler periodsNw

for V0 /Vb52, kwD52.25, u/c50.99, f50.5°, andawar51022.
~a! Various beam placements in the gap forj50 and ~b! various
detuning values for beam placed atkwd50.90.
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Though the results in Figs. 5 and 6 are obtained for c
stant radiation amplitude along the wiggler, inclusion of t
self-consistent evolution ofAr would not reduce the effi-
ciency. Since particles do not ‘‘turn around the bucket’’
X, the DEL efficiency is not affected by the relation betwe
wiggler length and bounce period; there is no concern
‘‘overshooting’’ from a decrease in the bounce period cau
by an increase inAr . In fact, for given frequency mismatch
an increase inar reduces the effective detuningj, Eq. ~34!,
and increases the trapped particle fraction in Fig. 3~b! @it has
no effect in Fig. 3~a!#. Given enough interaction length th
DEL efficiency tends to the saturation efficiency; the satu
tion length itself decreases as the radiation power increa

V. EFFICIENCY AT LOW POWER OPERATION

At low radiation power, roughlyar,aw , particles in
resonance get trapped in islands, Fig. 7. The maximum
ticle excursion is limited by the separatrix height, which
turn, depends on the radiation amplitude. Two conseque
follow: the electronic efficiency is reduced, and it now d
pends on the relation between interaction length and the e
tron ‘‘bounce period’’ around the island. The optimum ef
ciency scales inversely proportional to the optimu
interaction length 1/Lw just as in an FEL. In a DEL, how
ever, the coefficient multiplying 1/Lw can be higher than
unity, thus still allowing higher than FEL efficiency.

The stability equations for small perturbationsdX[X8
2X08 , dz8[z82z08 about the fixed points yield the eigen
value equation~Appendix B!

l6
2 5~HXC

2 2HXXHCC!/m2V82, ~41!

where the6 sign corresponds tokrz8 C0856p/2, 2krx8 X08
respectively. Substituting the derivatives atX08 , z08 from Eq.
~B5! inside Eq.~41! yields

l6
2 5A2cosh2~kw8 X08!

c2K82kw8
2

V82 F16
guvb

2

c2kw8
2A cosh~kw8 X08!

FIG. 7. Trapped particle orbits, in the drifting frame, for lo
radiation amplitude.
-

f
d

-
s.

r-

es
-
c-

6
aw

2

A
cosh~2kw8 X08!

2 cosh~kw8 X08!G . ~42!

Assume for the moment positive detuningDv.0. Then the
right hand side with~1! is definitely positive; the eigenval
ues l1 are always real, hence the fixed point atkrz8 C085

1p/21krx8 X08 is alwaysunstable. The eigenvalues for the
other fixed point atkrz8 C0852p/22krx8 X08 change from real
to pure imaginary whenHXX changes sign. That transitio
occurs for radiation power

A,aw
2

cosh~2kw8 X08!

2 cosh~kw8 X08!
1

guvb
2

c2kw8
2cosh~kw8 X08!

~43!

The combined effect of the wiggler strength variation and
space charge induced velocity shear is the formation
trapped particle islands at low radiation power. Similar co
clusions apply in case of negative detuningDv,0, where the
generically unstable point is now located atkrz8 C52p/2
2krx8 X08 .

Consider the efficiency in the deeply trapped parame
range, where the! applies in Eq.~43!. The maximum ex-
cursiondX equals the island height, given by

DX.A2mc2A cosh~kw8 X08!

uHXX8 u
, ~44!

where it has been assumedX0
1.X0

2.X08 for theX locations
of the stable and unstable fixed points atkrz8 C56p/2. Us-
ing the approximation~B5! for HXX8 in the deeply trapped
region and neglecting the space-charge contribution fr
vb

2,

DX.
1

kw8
A4A

aw
2

cosh~kw8 X08!

cosh~2kw8 X08!
. ~45!

It follows that the efficiency~32! is of the order

h.2
DX

D

V0

Vb
5

V0

Vb

4

kw8 D
AA

aw
2

cosh~kw8 X08!

cosh~2kw8 X08!
, ~46!

where, for smallh, the denominator in Eq.~32! was taken as
unity. Both the island height and the efficiency scale
Aar /aw .

We now seek the relation between efficiency and
bounce frequency,

Vb85ulu5
1

mV8
Amc2A cosh~kw8 X08!K82uHXXu, ~47!

where the deeply trapped region approximation~B6! was
applied touHXC

2 2HXX8 HCC8 u inside the root. Given that the
optimum grating length is half a bounce period in the lab
ratory frameLw5u(p/Vb), whereVb5Vb8/gu , one has

Lw5p
cV8

K8

mgubu

Amc2A cosh~kw8 X08!uHXX8 u
. ~48!

ExpressinguHXX8 u in terms ofLw from Eq. ~48!, and substi-
tuting for DX in Eqs.~44! and ~46! yields
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h.
V0

Vb

&p

~kw8 D !~kw8 Lw!

V8

cK8

3
1

A~aw
2 /2!cosh~2kw8 X08!1gu~vb

2/c2kw8
2!

. ~49!

Hence, in the low power, trapped particle regime, the D
efficiency scales inversely proportional to the grating len
Lw , just as in an FEL.

The factor multiplying 1/kwLw in the right-hand side of
Eq. ~49! can be larger than unity, tempting the thought thah
is higher than the analogous FEL expressionh* 5p/kwLw .
It is, but expression~49! cannot be used for direct compar
sons with FEL efficiency because the optimum DEL leng
half-bounce periodLw , is not the same as the optimum FE
lengthLw of the same parameters. A direct comparison
tween the FEL efficiency, written forgu@1 as

h* 52
gumc2

eVb
Aawar , ~50!

whereeVb5(gu21)mc2, and Eq.~46!, yields

h

h*
.

1

kw8 D

eV0

mc2

2

aw
3/2 SAsin f/g'8 bu

Acosf/g'8
DA cosh~kw8 X08!

cosh~2kw8 X08!
.

~51!

for ES and EM wigglers, respectively. At moderate wigg
strengthsaw,1, low power DEL operation remains mor
efficient than an FEL because the DEL trapped particle
cursions, scaling as 1/aw on the wiggler strength, are muc
larger than those in an FEL that scale asaw

1/2.
The tendency for higher than 1/2Nw efficiency at lower

wiggler strength is illustrated in Fig. 8, plotting efficiency v
interaction length at low radiation powerar50.002, and for
V0 /Vb52 inside anA-K gapkwD52.25. Ataw50.50~solid
curve! the maximumh50.015 approximately equals160 ,
where 2Nw560 is the bounce period estimated from t
curve. The optimum efficiencies at progressively loweraw
50.30 andaw50.15 increase toh50.055 andh50.080,
much higher than 1/2Nw with, respectively, 2Nw550 and
2Nw5120 ~estimated from the same curves!. DEL operation
may have advantages in the case of EM wigglers, where
wiggler strength is typically small,aw<1022.

VI. TAPERING AND SENSITIVITY
TO THERMAL SPREADS

The discussion so far dealt with radiation of uniform cro
sectiondar /dX, as, for example, in case of TEn0 mode ex-
citation in rectangular wave guides. Two issues are raise
quasioptical~Fabry-Perot! resonators, when radiation of
finite cross-section envelopew0<D is considered:~a! loss of
the beam-radiation overlap after some interaction lengtz
due to the off-axis shift̂dX& of the beam and~b! reduction
in efficiency, caused by thermal spreads of the injected
location.

The sensitivity to thermal spreads is addressed first.
plication of the canonical momentum conservation betw
two points of an electron orbit located inside and far outs
L
h

,

-

r

x-

he

s

in

C

-
n
e

the wiggler ~where E05B050! shows that an initial mis-
match from the exactE03B0 factor gu ,

dg[g2gu.gu
3bu

2dvy , dvy[vy2u, ~52!

causes a GC shiftdX from the intended location, given by

dX5
dgu1gudvy

V
.gubu

c

V

dg

gu
~53!

~the correction fromdvx[vx is of order dvx
2 and is ne-

glected!. The excess energy is converted into cyclotron ro
tion. Applying energy conservationmc2gug'5mc2gu1dv ,
whereg'.11V2r2/2gu

2c2 and we assumed negligible po
tential difference along the beam directionz, the Larmor
radius is given by

r5gu

c

V S 2dg

gu
D 1/2

. ~54!

To maintain good overlapping with radiation one must lim
dX, r well below the radiation waistw0 , and/or the gap size
D. From Eqs.~53! and ~54! r>dX, hence the tolerance to
thermal spreads is determined by the conditionr/D!1, or

dg

gu
!S DV

c D 2 1

2gu
2 . ~55!

The right-hand side limit is given by 1.72B2@T# D2@cm#/gu
2

and allows a much more relaxed beam quality constraint t
its FEL counterpart, given by

dg

gu
!

1

2Nw
. ~56!

In a DEL, the velocity or energy spreads of the injected be
are converted into spreads in the GC location affecting
overlap in real space. The velocity mismatchper se, which
causes detuning in an FEL, is irrelevant here since the G
of all electrons drift at the sameu. Notice that in a DEL the
required beam quality is not affected by the wiggler length
in an FEL.

Premature saturation due to the beam slipping outside
radiation envelope, as the electrons drift upwards inX, is
now addressed. One intuitively anticipates that overlapp
with the radiation can still be maintained if the radiatio
beam is tilted relative to the drift direction, accomplished
tilting the resonator by a small angleu. The emission angle
f5u will then be naturally selected through the tilt. Becau
d^X& is related to the radiated power through Eq.~33!, one
can relate the tiltu5tan21(d^X&/L) to the per-pass resonato
gain G5dPr /Pc51/Q, with

u5tan21S DPr

I bV0

2D

L D5tan21S G
Pc

I bV0

2D

L D , ~57!

Pc being the circulating radiation power andQ the cavity
quality factor. However, one must still ensure that the gra
ents in the radiation strengthdar /dX do not change signifi-
cantly the nature of the particle motion.
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56 4719HIGH-EFFICIENCY E3B DRIFTING ELECTRON LASER . . .
To include the effects of the finite radiation spot size
Gaussian beam of waistw0 is assumed. The new slow tim
scale Hamiltonian is obtained from Eq.~26! by replacing

ar→ar~X8![arsexpF2
~X82d!cosf2Z8sinf] 2

w0
2 G ,

~58!

for an optical beam entering the resonator atX85d and
propagating at an anglef. In the parallel limitf50 the new
orbits are given byH5const, where

HR85mc2ḡ'8 1Ae2~X82d!2/w2
cosh~kw8 X8!

3sin~K8C81krx8 X8!2
Dv8

K8
mV8X8, ~59!

and the slow phase variation of the Gaussian beam has
neglected. The gradientdar /dX8 changes the particle orbits
it has been shown@1# that the orbits become trapped insid
islands when the waist size falls below

w0,wcr5A2~11j2!
lw

2p
. ~60!

In that case the maximum excursion is limited by the rad
tion waistw. The general case of oblique emissionfÞ0 is
not amenable to exact analysis because we can no m
eliminate the time dependence and considerHR8 an invariant
of the motion@Z8 in Eq. ~58! depends explicitly on bothC8
and t8#. If the Z8 dependence is simply dropped from th
Gaussian exponent for sinf;1/gu

2!1 one obtains the orbits
illustrated in Fig. 8. In Fig. 9~a! the waistw0 is below the
limit ~60! leading to island formation; the island disappea
and unbound motion returns in Fig. 9~b!, where the waist

FIG. 8. Sheet beam efficiency vs number of wiggler periods
low radiation powerar50.002, for V0 /Vb52, kwD52.25, u/c
50.99. Various curves correspond to different wiggler streng
aw , as marked.
en

-

re

s

sizew0 is abovewcr . Hence the spot-size criterion, obtaine
for f50, holds approximately for smallf. The conclusion is
confirmed by numerical integration of the GC equations
motion with the fullZ8 dependence in the Gaussian.

VII. CONCLUSIONS

Comparison between the ES wiggler results derived h
with the corresponding MS wiggler results in Ref.@1# shows
that ~a! for equal wiggler strengthsEw5Bw the radiated
power in the ES case is modified by the factorbugu

2sinf, ~b!
the emission anglef affects the detuningj at given wiggler-
radiation strengths, and~c! for given detuning, the trapped
particle fraction and efficiency are independent of the em
sion angle. Hence the MS and ES versions operate at
same efficiency for the same detuning when sinf51/gu

2bu .

t

s

FIG. 9. Effect of a finite radiation cross section on the GC orb
at zero detuningj50 and Gaussian waist size of~a! kww0575 and
~b! kww05250.
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High power operation of a DEL amplifier using either
ES or MS wiggler has the following advantages over an F
with the same operation parameters:~a! much higher effi-
ciency that is not limited by wiggler length,~b! higher gain
per wiggler period owing to the nature of the particle acc
eration, and ~c! lower sensitivity to the beam therma
spreads.

For the high-efficiency mode, the radiation strength mu
exceed the shear effects from the wiggler gradient and
beam space charge. The space charge effects, in the far
hand side of Eq.~43!, are less important than the wiggle
gradient for beam current densities of

Jb@A/cm2#<0.205gubu
3Vw

2 @kV#/lw
2 @cm#,

Jb@A/cm2#<0.205gu
21buAw

2 @kV#/lw
2 @cm#, ~61!

for the ES and MS wiggler. For current densities below E
~61! one must overcome only the wiggler gradient term
Eq. ~43!. Apart from geometric factors of order unity, th
circulating power must be above

Pr@MW#>4.33104aw
2 ~r /l r !

2, ~62!

r being the spot-size radius, in order to achieve high e
ciency with unbound excursions. High efficiency favors lo
strength wigglers; a drawback in that case is the increa
start-up current.

For operation at power levels below Eq.~62!, the DEL
efficiency in the trapped island configuration, though scal
inversely proportional to the wiggler length, can neverthel
be higher than the 1/2Nw FEL limit. Operation as an oscilla
tor, starting up from noise, can still have an advantage o
an FEL, particularly in the low wiggler strength regime. A
important application can be tabletop DEL operation w
EM wigglers whereaw is inherently low.

Tapering in a DEL means maintaining the overlapping
space between the radiation and the off-axis shifting e
trons, and is accomplished simply by tilting the resona
axis ~in an FEL, by contrast, one must vary the wiggler p
rameters to maintain the resonance between electron ve
ties and phase velocity!. The tilt angle~57! is small, falling
within the spontaneous emission coneu<1/gu , so the de-
vice can start up from noise. For operation with TE0m wave
guide modes, where the radiation amplitude is unifo
across the beam, no tapering is required.

Unlike an FEL where the efficiency is limited by the in
teraction physics, the DEL efficiency is only limited by tec
nology, meaning the maximum sustainable voltage in
anode-cathode gap. The DEL efficiencyh, for optimum
beam placementkwd* 50.7, is plotted as a function of th
beam energy and the upshifting factorbu(11bu)gu

2 in Figs.
10~a! and 10~b!, respectively. Different curves correspond
L

-

h
e
ht-

.

-

ed

g
s

er

c-
r
-
ci-

e

different values of the maximum voltageV0 that can be sus-
tained over a 1 cmgap. The lowest curve represents toda
state-of-the-art value of 1 MV/cm. The highest efficien
occurs at low beam energies and low upshifting factors;
DEL scheme is ideally suited for tabletop microwiggler d
vices. Even so, efficiency over 10% can be achieved at
shifting factor 100; the corresponding untapered FEL lim
for 50 wiggler periods is just 1%. An even larger efficien
payoff by pushing the voltage breakdown limit to 3 and
MV/cm is evident in Fig. 10.

APPENDIX A: COMPUTATION OF THE RESONANT
INTERACTION HAMILTONIAN

The Hamiltonian is expressed in the GC coordinates
substituting Eq.~20! inside Eqs.~18! and~19! with the fields
given by Eqs.~13! and ~14!. The leading order undulation
Eq. ~18!, becomes

FIG. 10. Maximum efficiencyh as a function~a! of the beam
energy and~b! the upshifting factorU5bu(11bu)gu

2, for different
values of the maximum voltageV0 that can be sustained over a
cm gap.
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H08~ I 8,u8,X8,Z8!5mc2HA122
V8I 8

mc2 1guS eVw

mc2D (
N50

`

QN~X8,r8!cos@kw8 Z81Nu82vw8 t81aN#

1gubusinfS eAr

mc2D (
m52`

`

(
n52`

`

Jm~krx8 r8!Jn~krz8 r8!sinFkrx8 X81krz8 Z81~m1n!u82v r8t81n
p

2 G J ,

~A1!

wherebu5u/c, b'8 5V8r8/c, r85A22I 8/V8 ~here the actionI 8 is negative due to the electron counter-rotation!,

Qn~X8,r8!5hn~kw8 r8!cosh~kw8 X8!2qn~kw8 r8!sinh~kw8 X8!, ~A2!

and the expansion coefficientshn(kw8 r8), qn(kw8 r8) scale asqn;hn;(kw8 r8)n and are given by

hn~r!5 (
j 5even

~21! j /2I n2 j~r!Jj~r!,

an50, n even,

qn~r!5 (
j 5odd

~21!~ j 11!/2I n2 j~r!Jj~r!,

~A3!

hn~r!5 (
j 5odd

~21!~ j 11!/2I n2 j~r!Jj~r!,

an5
p

2
, n odd,

qn~r!5 (
j 5even

~21! j /2I n2 j~r!Jj~r!,

with the propertieshn(r)5h2n(r), qn(r)52q2n(r) ~the last meansq0[0!.
We want to eliminate the fast oscillating terms from Eq.~A1! considering operation far from resonances between

wiggling and the cyclotron motion, i.e.,d/dt(kw8 Z82vw8 t81nu8)Þ0. To that end we introduce the new averaged variab
X̄8,Z̄8 through the canonical transformation

X̄85X81e
]S1

]~mV8Z̄8!
, Z̄85Z82e

]S1

]~mV8X8!
,

H̄085H081
]S1

]t8
, ~A4!

where ar ,aw are O(e). The generating functionS1(Z̄8,X8,t8) is chosen so as to kill fast varying terms to ordere upon
substitution of Eq.~A1! inside Eq.~A4!; hence, from

]S1

]t8
1H08~X8,Z̄8!5mc2g'8 ~A5!

follows

S152mc2
gu

vw8
S eVw

mc2D (
N50

`

QN~X8,r8!sin@kw8 Z̄81Nu82vw8 t81aN#

2mc2
gubu

v r8
sinfS eAr

mc2D (
m52`

`

(
n52`

`

Jm~krx8 r8!Jn~krz8 r8!cosFkrx8 X81krz8 Z̄81~m1n!u82v r8t81n
p

2 G . ~A6!

Thus, expressingH08 in terms of the averagedX̄8,Z̄8 and expanding according to Eqs.~A4! and ~A5! yields

H̄08~X̄8,Z̄8!5mc2A122
V8I 8

mc2 1O~e2!5mc2A11b'8
2. ~A7!
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The Larmor radius and cyclotron frequency are constant to ordere. To that order, the fast-time averaged GC location is a
fixed in the drifting frame sincedX̄85]H̄08/](mV8Z̄8)50, dZ̄852]H̄08/](mV8X̄8)50. The transformation killed the fas
variation to ordere; it, however, introduced second order fast-beating terms

1

mV8
F ]H̄08

]dX̄8

]S18

]Z̄8
2

]H̄08

]Z̄8

]S18

]X̄8
G , ~A8!

to be considered withH18 .
Finite, slow GC displacement comes from the second order interaction, through the ‘‘beating’’ between the w

motion and the radiation. Expansion of the electromagnetic interaction termH1 , Eq. ~19!, in cyclotron harmonics yields, afte
certain rearrangements
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Here, sinceH18 is already of second order, one simply substitutesX̄8.X8, X̄8.X8 inside Eq.~A9!. The first double sum come
from the interaction of the cyclotron rotation with the radiation and the second sum comes from the interaction of the cy
rotation with the undulation. None of the above contains the couplingkw1kr characteristic of the FEL emission; they bo
correspond to emission at Doppler shifted cyclotron frequencies, Eq.~11!, far from the DEL operation frequency. It is the thir
sum that contains the ‘‘beating’’ of the wiggling motion with the radiation, and leads to emission at the upshifted wig
well as upshifted wiggler-cyclotron harmonics, Eq.~12!. Finally the last two sums contain harmonics of the radiation and
undulation frequency, respectively.

The slow motion near the DEL frequency, up to ordere2, is obtained by just dropping the fast oscillating terms, eliminat
all but the third sum from Eq.~A9!. In addition, one must take thekw8 r8;kr8r8;e limit since the Larmor radius must b
smaller than the anode-cathode gapD, of the order of the wiggler period,r8/D;2p/kw8 !1. Thus only them5n5N50
terms, of ordere0 survive in the remaining sums inside Eq.~A9!. Letting Q0→cosh(kw8X8) asJ0I 0→12(1/4)(kw8 r8)4 yields
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Only the ~1! sign term (kr81kw8 ), corresponding to emission at upshifted frequency is kept; the~2! terms (kr82kw8 ) corre-
spond to emission of downshifted frequency and are out of resonance. Finally, and for the same reason, we discard
~A8! introduced by the transformation, since their harmonic expansion contains onlykr2kw ,

2~mc2!2gu
2businfS eAr

mc2D S eVw
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Thus combining Eq.~A10! with the zeroth-order Eq.~A2! yields the resonant~DEL! interaction Hamiltonian



56 4723HIGH-EFFICIENCY E3B DRIFTING ELECTRON LASER . . .
HR85mc2A122
V8I 8

mc2 1
1

4
gu

2bu
2S eAw

mc2D 2

~11cosh@2kw8 X8# !2
mc2

g'8
S eAr

mc2D S eVw

mc2Dgu
2businfcosh~kw8 X8!

3cos@krx8 X81~krz8 1krw8 !Z82~v r81vw8 !t8#. ~A12!
d
m

e

s
an

te
rid

by
er

cts
mo-
The ‘‘ponderomotive phase’’c8 is given by

c8[~krz8 1kw8 !Z81krx8 X82~v r81vw8 !t8. ~A13!

The slow phase variation near resonance is characterize
dc8/dt8!v r8 . Since the time-scale separation already i
plies slow GC motion in the drifting frame (krz8
1kw8 )dZ8/dt8;krx8 dX8/dt8!vt8 , the total time derivative
of Eq. ~28! yields the resonant conditionvt81vw8 .0. In the
lab frame coordinates that yield Eq.~5! are in the form

c r~12bucosf!2kwu50. ~A14!

Finally we eliminate the explicit time dependence by d
fining C85Z82(v r81vw8 )t8/(krz8 1kw8 ) as the new ‘‘posi-
tion’’ in place of Z8; its new conjugate coordinate remain
the samex5X8 and the transformed resonant Hamiltoni
becomes

HR85mc2ḡ'8 1
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2 ~X8!,

āw
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where

K8[kw8 1krz8 .2kw8 , Dv8 [v r81vw8 . ~A17!

To estimate mode competition, the closest resonant in
action to the fundamental DEL frequency is the hyb
wiggler-cyclotron frequency, Eq.~12!, described by the fol-
lowing part of Eq.~A9!:
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by
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Therefore the interaction strength at a frequency displaced
the nth cyclotron harmonic is smaller than the DEL carri
by Jn;Qn;(kw8 r8)n @notice that Eq.~A18! is also smaller
than the usual cyclotron maser interaction strengthdJn /dr
;(kw8 r8)n21#.

APPENDIX B: FIXED POINTS

When the full space charge and wiggler gradient effe
are retained, the fixed points, zeros of the equations of
tion ~29a! and ~29b!, are given by

krz8 C081krx8 X0856
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2
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mc2Fkw8
aw

2

4
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2X082
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Defining sinh(kw8X08)[j yields the solution

j56
sinh21j~guvb

2/kw8
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A7~1/2!aw
2A11j2

. ~B2!

Expression~B2! is reduced to Eq.~34! in the small space
charge, small wiggler strength limitaw ,vb

2/kw8
2c2!1. The

derivatives atX08 ,C08 are given by

HXC8 57mc2K8krx8 A cosh~kw8 X08!,

HCC8 57mc2K82A cosh~kw8 X08!, ~B3!
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Substituting into Eq.~41! yields Eq. ~42!. In the deeply
trapped regionaraw!aw

2 , (vb /ckw8 )2, the factorHXX8 is ap-
proximated by

uHXX8 u5mc2kw8
2Faw

2

2
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independent ofAr . Also, in the deeply trapped region

uHXC
2 2HXX8 HCC8 u.mc2A cosh~kw8 X08!K82HXX , ~B6!

where the right-hand side appears in the bounce period~47!.
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