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High-efficiency Ex B drifting electron laser with electrostatic wiggler
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High power operation of afe X B drifting electron laseDEL) with electrostatidES) wiggler offers the
same advantages with the previously introduced magnetostatic widd®r version, namely, much higher
efficiency than the free electron lag&EL) < 1/2N,, limit, due to unrestricted particle excursions. A param-
eter scaling allows unified treatment of oblique radiation emission, space charge effects and sensitivity to beam
thermal spreads, for both the ES and MS cases. Emission at an angle relative to the drifting beam occurs
naturally in an ES wiggler, while tilting the resonator axis is proposed to compensate for the off-axis walk of
the emitting electrons for finite radiation spot size. No efficiency loss occurs at small tilt angles. It is also
shown that DEL'’s exhibit much higher tolerance to low beam quality than FEL'’s. Finally, the DEL operation
at low radiation power, with finite trapped particle excursions, is analyzed. It is shown that the efficiency there
can still exceed that of a comparable FEL, particularly at low wiggler streng#1€63-651X97)02810-9

PACS numbdss): 52.75.Ms, 41.60.Cr

[. INTRODUCTION N,, being the number of wiggler periods; there is no inverse
gain-efficiency relation as in an FEL. A unified treatment is
In a drifting electron lasefDEL) a relativisticE X B drift- adopted here to address the issues related with oblique emis-
ing beam in orthogonal static electric and magnetic fieldsion, space charge effects, sensitivity to beam quality, and
[1,2] is undulated by a periodic variation in eitheror B.  €fficiency at low power operation.

Though the relativistic frequency upshifting is the same as ina E%b\l,lv?ue|frmlpsfr'?S?teargr(;thligr?gnegf;?zrglmg?ﬁmﬁg no
a free electron lasdB-6] (FEL), the interaction mechanism ggler. 9 P

is distinctively diff h itted radiati dreduction in efficiency is caused by the oblique emission. In
Is distinctively different. The emitted radiation energy andcage of small radiation spot size, resonator tilting can be

momentum come respectively from the change in the elecapplied as a tapering mechanism for both wigglers, in order
trostatic energyeE,0X and vector potentiaB,6X of the  to maintain the spatial overlapping between radiation and the
electron,sX being the recoil of the guiding centé&C) lo- off-axis walking electrons.
cation perpendicular to the drift direction. Since the wave- |t is shown that the space charge of a laminar beam has a
particle resonance depends on the average electron drift veimilar effect with the gradient in the wiggler strength: they
locity, u=cEy/By, the change in the ES energy does notboth create a shear in tHexB velocity of the beam. The
cause detuning. magnitude of that shear, balanced again the focusing effect
Previous DEL studies focused on a magnetostdi&) of the radiation, determines whether the particle excursions
wiggler configuratiorf1]. Because the wiggler strength must are unbound or not; island formation in the second case lim-
vary in the direction of the dc electric field, a separate wig-its the efficiency. It is found that space charge effects are
gler magnet is needed orthogonal to the unif@gmagnet.  €asier to overcome than the wiggler gradient effects.
For exactly the same reason, the periodic and the uniform While high efficiency with unbound electron excursions
potential are applied on the same direction in case of a DEIOCCUrs at high radiation powev.>A,,, the operation at low
with electrostatidES) wiggler. Applying both the uniform  POWer reverts to trapped particle island formation ard,1/

and undulating voltage on the same structure, Fig. 1, offer€fficiency scaling6] as in an FEL. That is true for an ES

advantages in compactness and number of magnets requirdf99er DEL as well, despite the originally expressed hope

The present paper discusses a DEL with electrostatic wigl©" the oppositd1]. Yet, depending on the operation param-

gler. It is shown that the resonant interaction comes from th&ters, the coefficient multiplying 1%, can be much higher
beating of theaxial (parallel to the beam velocitycompo- th'an unity, and.the DEL efficiency, for both ES and EM
nents of the wiggler and the radiation field, as they appear iti9glers, can still exceed that of a comparable FEL.

the moving frame, instead of the usual beating among the 'N€ sensitivity to beam quality is finally addressed. A

transverse wiggler-radiation fields occurring with an MS
wiggler. Under equal ES and MS wiggler strengtis, ﬁ I i I M
=A,, the normalized strength,, is higher by a factor, 3, Bo v
in the ES case. The coupling strength also changes by ¢ T=’“ T l Ey Vor 3 —— —:-VO'VTW
factoryﬁ[g’usin¢; radiation is emitted at a small angferela- Eo ]
tive to the beam direction.
With the introduction of proper scaling factors, a similar T

dynamic description applies to both ES and MS wigglers. It
has already been demonstrated that at high power operation, FIG. 1. lllustration of the drifting electron laser concept with an
the electronic efficiency by far exceeds the FEL limitNy2 electrostatic wiggler.
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velocity mismatchper sedoes not affect the resonant condi- < Eq(x)
tion since the drift velocity is determined gy <X By. Ther- o
mal velocity spreads are converted into a shift of the GC o ?‘E?"

position from the intended location, and give rise to finite u
Larmor radius. It is shown that the effect of thermal spreads

on efficiency is much lower in a DEL and easier to overcome "=

than in a comparable parameters FEL.

The rest of the analysis is divided as following. Section I
introduces the field configuration and the basic operation
principle for an ES wiggler. A general resonant interaction
Hamiltonian for the slow time scale motion of the electron  FiG. 2. Illustration of the geometry and field arrangement in a
GC is derived in Sec. lll in the frame moving at the drift peL with electrostatic wiggler.
velocity, unifying ES and EM treatment and including space
charge effects. Section IV is dedicated to computing the non- cospX
linear efficiency at saturation for a sheet beam as a function

K

of the frequency detuning and the beam placement in the Ar=Ar .O A Sin(kexx + Kz = ort), (42

gap. Section V examines low power DEL operation when singz

island formation takes place. Section VI discusses the sensi- i

tivity to thermal spreads and the effects of finite size radia- Kix sing

tion envelope. Section VI summarizes the results. k=l 0 |=| 0 |k. (4b)
K., cosp

II. OPERATION PRINCIPLE

FOR THE ES WIGGLER DEL There is also indirect coupling between undulation and ra-

diation, mediated by the cyclotron motion; the coupling
Schematic illustration of the electrostatic-wiggler DEL strength is smaller by a factdq,p, a small number for DEL
concept is shown in Fig. 1. The applied static fields are giveroperation, relative to the direct coupling. Only the small in-
by direct coupling remains at exactly parallel emissior0;
direct coupling dominates above a small angledtai,p.
B=Byy, E=Eyx+E,[sinhk,x)cogk,z)X Since no force is acting in thg direction the canonical
_ A momentumP, is a constant of motion that is set to zero,
—coshk,x)sin(k,z)z], (1)

P,=p,=0. (5)
derived from the potentials v~ Py

The interaction responsible for the lasing action follows from

Ao=Bnaugh¥Z  Po(X) =Enaugn¥- (28 the equations of motion in the other two directiorsare
E,=—-V®,, ®,=-V,coshk,x)cogk,z). (2b) dv e vXB 1dy 6
dt  ym c v v dt’ ©®

In the notation of Eqs(12) the uniform dc electric and mag-

netic fields are negatives o= — E,augnt aNdBo=—Bhaugne  where the rate of change of the energy is given by
respectively, where the positiEg, 5,gntaNdByaugn: Signifies

e 2
P+ (RotA)

the field magnitudes. The arrangement was chosen so that dy

the wiggler strength varies along the direction of the uniform mc? at ev-E. (7)

staticEyX, a necessary condition in order to have significant

gain. The uniforni.e., spatially averaggaomponent of the  The G of the cyclotron rotation for an “unperturbed” elec-

applied dc voltage i8/o=®o(D) ~ ®o(—D) where D is  yon drifts along z with average E;xB, velocity u

the anode-cathode spacing. The interaction Hamiltonian is =CE,/B,Z at the same time, it undergoes Bpx B, undu-
lation in thexz plane due to the periodic wiggler acti&, .

H= \/m2c4+ 2 —edy—ed,, (3) The transverfse vyiggling velocity,, interacts vvjth the radia-
tion magnetic fieldB,;, to produce an axial forcef,,
=ev,oByy/c. Application of the axial force on a particle

where —e is the electron charge arfé=p—(e/c)(Ay+A,) gyrating aboutB,, causes the GC of the gyration to drift
is the canonical momentum. alongx, i.e., in the direction perpendicular to both, and

The electron GC undergoes &, X B, oscillation, ontop By, . The subsequent change in the particle potential energy
of the LaminarEyX By velocity, and undulates on thez  &(—e®y)= —eE,,,gndX IS converted into radiation energy.
plane perpendicular to the uniform magnetic field. The emit-The change in the electron canonical momentum, associated
ted radiation is also polarized in they plane. Direct cou- with the vector potentiabP,= 6(—eAjy/c)=—m X, is
pling between the wiggling motion and the radiatipro-  converted to radiation momentum. The cyclotron rotation en-
ducing the “beating” termA,,- A,), is achieved when the ergy is also frozen, since no cyclotron resonance is involved.
radiation is emitted at a small angderelative to the(unper-  Hence the particle kinetic energy and momentum remain in-
turbed beam velocity(Fig. 2), variant during radiation emission.
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More specifically, the energy-momentum conservationmetric gain vs frequency3—6] for FEL's. Because of the

during a photon emission/absorption at an anfytelative to
the beam direction yieldg7]

—mQ 5X=F A(k,+k,cosp), (8a)

_eEnaughlaxziﬁwr ) (8b)

where ) =eB,,,gn/Mc. Dividing Eq. (8b) by Eq. (83 to
eliminate 6X, and usingu=eE,,,gnd/ M) for the ExX By
drift velocity, yields the DEL operation resonance

o, — (ky+k,cosp)u=0, 9
with resonant emission frequency
u 2
W= 1+E cosp | y kwu, (10

Where?ﬁz J1—cog@u?/. For u=c and given that cas
~1/y,<1, Eq. (10 yields w,=2y2k,c, corresponding to
the frequency of an FEL with beam velocity equal to the
zeroth-order driftu. The difference from an FEL is that,
according to Eq(8b), it is the electrostatic, rather than the

dependence on the transverse spatial gradient, the basic DEL
theory is necessarily two dimensional; one dimension suf-
fices to describe the basic FEL interaction. The DEL gain is
antisymmetric relative to the beam displacement from the
center of the cavity.

Ill. RESONANT PARTICLE MOTION
IN THE DRIFTING FRAME

It is simpler to consider the particle motion in the frame
moving at theEyX By drift velocity where the Lorenz trans-
formed dc electric fieldE(, is zero, and the unperturbed
electron motion is a cyclotron rotation with constant Larmor
radius about an oscillating Gfin the lab frame the gyration
appears elliptic due to the Lorenz length contraction inzhe
direction; the gyroradius varies with the gyroangle: p(6)
complicating Bessel function expansign3he energy ex-
change in the lab frame will eventually be expressed in terms
of the drifting frame coordinates, exploiting the four-vector
covariance ofv- E.

The drifting frame quantities, labeled by a prime, are re-
lated with the lab framéunprimed quantities as

kinetic energy, being converted to radiation. Also, there is no

cyclotron resonance involved in E€9) and therefore no

energy exchange takes place with the cyclotron rotation

about the drifting GC, distinguishing the DEL from a cyclo-
tron masef8].

In the ES wiggler DEL the radiation electric field lies on
the same plane with the cyclotron rotati@fig. 2), causing
direct coupling of the gyromaotion with the radiatiGn a MS
wiggler DEL the radiation electric field is perpendicular to
the plane of gyration As a result, emission is also possible
at the drift-cyclotron resonances defined by

11

~nQ
w,— erOSq[)u+7 0,

u

Finally, in both ES and MS wigglers emission also occurs at

the wiggler-cyclotron hybrid frequency

nQ
w,— (Ky+ erOS(f))UI7=O, (12

u

which is the relativistic upshift of the sum of the wiggler plus
the cyclotron (harmonig frequency. When cyclotron har-

monics are involved both ES plus cyclotron rotation energy

are converted to radiation, necessitating separate treatment
the DEL operation ah#0. The present analysis deals with
operation at the fundamentak=0, Eq.(9).

The DEL operation principle is more similar to that of
crossed-field devicd®,10] (magnetronswhere a slow wave
vp<<C “caviton” is emitted by a drifting electron; here the
emission of a photow,=c requires the mediation of the
wiggler k,, to satisfy momentum conservation. In both de-

u
EC’)x: 7u( Eox— c B0y> =0,
u Boy
BOy: Yu( Boy c Eox| = ')’_u’ (13
A;X ArX
Ar’ = 0 = 0
Ar’z '}’u-Arz
Ccosp
=A;| 0 [sin(k/ x +k/,z' —w/t"),
v,Sing
, u
Or=—v, c Az

u
==y g Asingsinkpx' +ki,z' —o/t'), (143

of
®) =y, D=~ y,Vucosh kyx')cogk;z' — w,z'),

u u
g D=7y, c Vycoshkyx')cogk,,z' —w,2"),

(14b)

[A—
AWZ

WhereVW=k\,_V1EW and use was made of the scalar invari-

vices the linear gain is proportional to the transverse spatignce of the phask:r— wt. The following notation is intro-

derivative of the stimulated emission probabilfty,11], as

duced:A for a vector andA for its vector componentéoth

opposed to the frequency derivative entering the FEL lineaamplitude and phagewhile A signifies just the amplitude.

gain. Therefore, in both devices the ling@rl1] and nonlin-
ear [1,10] gains are found symmetric relative to the fre-

Notice that the Lorenz transformations mix electrostédi¢
and axial vector potential4{,) components so that the ES

guency detuning from resonance, contrasting the antisymwiggler potential in the lab frame generates a vector potential
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component in the drifting frame; the latter produces the di-and Q' =Q/y,, where,=ul/c and y,=y1— (u/c)?. Ap-
rect coupling between wiggler undulation and radiation inplying transformationg14) to the resonant conditio(®) it
the particle interaction Hamiltonian which will follow. The follows that[12]

frequencies and wave numbers transform accordirid 2p

Ky k,sing
0= 0 ) wr,:')’u(wr_kru Cosp),
kr,z ’yukr(coaﬁ_ﬁu)
(159
K\;v:kwa \;v: YuKw w\;\,= Yu(—kyl), (15b)

;o COS(b—Bu ,
Krz= Bu T—cossB, Ku - (16)
Hence for small sip~e<1, cosh~1— €, one hak/,=k/, in
the drifting frame.

Employing expressiongl3)—(15) for the fields, the inter-
action Hamiltonian in the drifting frame is given by

H'=Jm?c*+c?[(P,+eA, )2+ (Pi+mQ'x +ed,,+eA,)?]—ed—ed/ . 17)
|
Ordering according to the small parametef®/mc _ , !
~eA /m&~eA,/m~O(e)<1 the drifting frame Hamil- XSin(K"W' +kpX") = 17 mQ' X!, (21
tonian is expanded ad'=Hg+H;. Here
eV, \?

Ho=Jm?c*+c?[PL2+ (P, +mQ'x')?]—ed, —ed/

(18

(1+cosh 2k, X']),
(22)

m

— 1
YL(X')= \/1+ﬁf+ 7 Vﬁﬁﬁ(
=mc®y| —ed,—ed/,

involves the integrable parrelativistic cyclotron motiop

_ _ where 8/ =(—2Q'l'/m&)Y2=Q'p'Imc is a constant of
plus first order terms i, the second order

motion. The ponderomotive phase in H@1) depends on
both X andZ positions through

e e e
Hi= 2P;EA;X+2(P;+mQ’x’)(E A;Z+EAV’VZ>

2y/m V=7~ ALK, 23)

2

+ where

(19

e 2
- A
c "

e i e ! e !
+ZE AWZEAFZ+ E sz

K'=k.,+k/,=2k,, Al=w'+o. (24)

describes the pairwise interactions among cyclotron rotation,
undulation and radiation. After a cyclotron expansion of Eq'Using the relativistic transformationd5) inside Eq.(24)
(19 it is clear that only the product, A, involving the /" oo than’ — 4 A h '
. . L X YA, , Where

beating of the wiggler and radiation vector potentials, corre- @
sponds to resonant interaction at the DEL freque@®yThe
rest of the terms correspond to resonandds and(12) with
Doppler-shifted cyclotror(harmonicg, far from the opera-
tion frequency.

There are two time scales involved in the motion. The
undulation periodr;,~ 1/w,, and the cyclotron oscillation pe-
riod 7¢~1/Q" are much shorter than the characteristic time o in the drifting frame.

D(dX/dt)"* of the resonant interaction. To take advantage The effect of the space-charge field from a laminar beam
pf the separation _in temporal and spatial scales we switcjy easily superimposed on E@Q1). The beam self-potential,
into the GC coordinates viewed in the frame moving with the drift velocity, at the
beam centerX=d, adds the contribution (1/3«),w§(x
—d)? to the interaction energy. Hence, the generic Hamil-
tonian for obliqgue emission with either EM or ES wigglers,
including the equilibrium space-charge effects, is given by

A,=w,—(k,cosp+k,)u (25
is the detuning from synchronism observed in the lab frame.
The orbits in the drift frame are given biyl;=const. At
exact synchronismi ,=0, the GC motion is aiic X B drift
along the ponderomotive equipotentials that appear “fro-

x'=X"+p'sing’, P,=—mQ’'p'cost’, (20)

Z’=7"+p'cosd’, P,=-mQ'X’,
whereX’,Z’ define the GC locatiop’=(—21"/mQ")¥?is

the Larmor radius, and’ is the cyclotron angle. A fast-time Hir=mc?y[ +mc®A coshxyX")sinK' ¥’ +k/,X")

averaging of the transformed’(1',0',X’,2"), yields (Ap- A 1
pendix A the slow-time scale Hamiltonian _ K_f:) mQ' X’ — 5 yuwﬁ(X’ —d)?, (26)
mca,,

a 2 H AV
T 2% )28, singcosti kX')

Hr=mdcy| +
R T2y

Y = \/1+ﬁi2+awz(X’),
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— 1, ) 227
ay(X")= 7 ag(1+cosh 2k, X']). (27)

Expression(26) is similar to that in a MS wiggler DEL. It 1527
can be used for a unified treatment of both an ES and an M

wiggler DEL emitting at an anglep under the following 0.76
symbol definitions, respectively:

=
- a,a, . B eV, - S 0.00
= 271’_ YuSiNg,  ay=v,By me/’ (283
-0.76
_ aya; _ eA,

A= 2y cosp, a,= ch). (28b) 152

The difference in coupling strength4 reflects the fact that 297
interaction in the ES wiggler occurs through the beating of -

the axial(parallel to the beajrwiggler and radiatiorE,sing

fields; the transverse componeriscosp, are involved inan (5
MS wiggler. For equal wiggler strengthg,=A,,, the nor-
malized ES strengtla,, exceeds the corresponding MS by
vuBy - Under equab,,, the operation with MS and ES wig-
glers is roughly equivalent when the coupling strengths 1.52
are equal, that is for emission at an ang|g= cot¢. At high

v, €mission is nearly paralleb<<1.

The general slow-time equations of motion are 0.76
X
x_ A < WX cogK' W' +k/ X' .x; 0.00
W—m WCOSKKW )COS{ x ), "
(299
-0.76 |
B mea g WX )SIN(K' W’ + k[, X'
T_ m mSIﬂl”(KW )sin( x ) .52
+ﬁCOSHK\;\,X’)COS{K"P’-I-kr'XX’) —I—K—L,U 207
-T

I TN WV 208
—mm—vuﬁ( —d). (29b) ()

. . . FIG. 3. Typical GC orbits, viewed in the drifting frame, for
The wiggler strength gradient and the space-charge pOtent'ﬁhiform radiation amplitude and emission angle= 0.5°, showing

act in a similar way: they cause a shear in the drift velocity, ,,,ound trapped particle excursioim® island formation (a) & be-

given, respectively by the third and fourth term in E&OD). |5,y critical detuning andb) ¢ above critical detuning.
It is the magnitude of that shear that will determine whether

the trapped particle motion is unbounded or bounded.

For a,<a,,, the shear in the drift velocity leads to finite
excursion and island formation. At high radiation poveer
>a,, (and for a uniform radiation amplitudda, /dX=0
across the cavily the typical phase space topology, plotted
in Figs. 3a) and 3b) exhibits unbound orbits intercepting
the plates. Unlike the nonlinear pendulum-type trapped par-
ticle orbits in an FEL, characterized by a finite size trapped
island 6X = (a,,a,) Y, here both fixed points are unstable and The computation of the wave-particle energy exchange,
the excursiondX transverse to the wave propagation is un-performed in Ref[1], shows that the total radiated energy
bounded. The difference between Fig&)3and 3b) is low  from N, electrons is related to the change in the GC potential
and high detuning\ , , respectively. In Fig. @) the phase of energy by
all electrons is trapped and the motion of trapped particles
(shadedl is not bounded; given enough time they will be (5%)
intercepted at=D. In Fig. 3b) streaming particles appear; _ N O
the motion of these patrticles oscillates about an average lo- OWr =NeeEo(oX) =N eVo (30

cationX, and the average contribution to energy exchange is
nearly zera(but not exactly because up and down excursions
are not symmetric

IV. LARGE SIGNAL EFFICIENCY
UNDER OBLIQUE EMISSION

¢ 2D
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The emitted radiation energy equals the change in the poten- The gain and efficiency are now computed for a monoen-
tial energy of the beam center of chal@e)zN;lEXi ,and ergetic sheet beam of fixeg, (notice thaty, is automati-
amounts to a fractiodsX)/2D of the total dc potential/,.  cally set by theEyX By drift). The guiding centers of the
In addition, the charge redistribution in the interaction spacénjected electrons are located ¥t=d and distributed uni-
induces image currents on the anode-cathode plates; the éymly along¥’'. We are interested in the fraction of trapped
source consumes an energy amount equal to the radiated grarticles moving upwards iX, marked by the heavy-shaded

ergy in maintaining the fixed voltage, area in Figs. @) and 3b) releasing potential energy as ra-
diation. Following Ref[1], the upward fraction equals the
(8X) width of the line segmenX=d inside the heavy shaded area

OWo=NeeEraugnf 0X)=Ne 5= Vo. (3D of Fig. 3(b), divided by 2,

The injected beam energy W,=N.V,, where the beam :K’\I’;_K’\I’L
voltage is defined by the kinetic energyW,=(y,—1)mc? up 2 '
assuming that all electrons are injected exactly at Eje ] .
X B, velocity. Dividing the radiated energy by the sum FOr|€ <& the end points of the segment are given by

oWyt W,, yields the electronic efficiency as  TF 8= e +sinh 1e— ! d]
* =& =* — Ky

B SW, _ ({(8X)/12D)(Vo/Vp) 32 cosh{ x,,d)
7 SWot NeeVy, 1+ ((0X)/2D) (VoI Vy) (32 (37)

(36)

Sin(K' W, +k/ d)=

At saturation, the average GC excursion of the upward
trapped electrons equals the beam-cathode sepaxaidhn
=D~—d and, according to Eq.32), the energy released as

The efficiency is determined by the ratig$X)/2D and
Vo /Vy . The efficiency is large for unbound excursions; then
one can have §X)/2D=1/2 and n=33% for a moderate

value Vo [V, ~2 radiation is
0/ Vpb— &
Most of the radiated energy comes from trapped particles, D—d D+d
whose excursions are unbound and so, given enough interac- oW, =—|fp N (1—fp ETE ely. (38

tion length, they can cross the full cavity gap. The streaming

particle excursions are nearly symmetric about the injectec}he second term subtracts the energy absorbed by particles
location and average to zero. The space boundaries betwe%ving downwards. since we have assumed that the radia-
streaming and trapped particles are the separatrix curves, i"'ﬁ'on fills the space I’:or detuning increased abla{e &, the
the trajectories passing through tlienstable fixed points emerging streamir;g particles about the midplre0, éepa-

Xo, Vo, zeros ofdX'/dt’=dW'/dt'=0, Egs.(298. Ne- (10 wwo trapped populations. The trapped particles above

glecting the shear terms, of ordef,, compared 8, ,  and below the midplane lead to net radiation gain or net
yields absorption, respectively. The new end-points for the upwards
o trapped fractionheavy shaded area in Figl®] areK' ¥’ ,
AV 1 *
KXo = ESinh (£, K'W' = —(7+K'¥"), where
’ ™ RV ™ \/1+§2_§[Sinhil§_K,d]
K'Wo=xsgné) =K Xo=*sgné) iNK'®’ +k’.d)= e
0 2 rx/ 20 2 sin(K'¥/, +k/,.d) COSh:K\;Vd) . (39
1 singB, . .
F—————sinh (9, 33 The energy released as radiation is
M Yu 1—Bucosp (©) 33
D_
where the detuning parametgis defined by oW, =—sgnid)fu, 55— eVo. (40)
£= ALY _ A,Q (34) In both Egs.(38) and (40) the beam must be placed above
AC(k,+ k)l 2Ay,c%Ks the midplaned>0 for gain.

According to Egs.(37) and (39), the end points of the
All particles are trapped in the “ponderomotive” potential beam segment inside the shaded area shift by the same
over a finite range of detuning £, <&<{.. Streamingun-  amountk/,d relative to the parallel emission cagg =0.
trapped particles first appear at the middle of the gdp  Hence, the trapped particle fraction, as well as the efficiency
=0 (where the wiggler strength is minimynwhen |¢| in terms of detuning, is given by the same function of the
>¢.. The critical detuning value marks the transition from detuningé as in ¢=0. The emission angleé modifies ¢ for
the topology of Fig. &) to that of Fig. 3b) and the critical given frequency mismatch .

value equation The upward trapped fraction is symmetric in detuning,
meaning that the same gain results at opposite frequency
V1+ ggzgcsinhflgc, (35 mismatchest A , for given beam locatio. The frequency

symmetry G(—A,)=G(A,) contrasts the antisymmetric
obtained in Ref[1], yields the critical detuning valué¢.,  gain for an FEL, and reflects the dynamical symmetry of the
=1.5088. phase space; the GC flow patterns corresponding to opposite
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FIG. 4. Structure of the GC streamlines for the opposite detun-  0.60 — T
ing of Fig. 3b). The reflection symmetry of the phase space around 0.012 1

V¥’ =0 generates the gain symmetry relative to detuning reversal. 0.50

detunings are mirror-symmetric relative to reflection around

the ¥'=0 plane[compare Figs. @ and 4. Instead, for 0.40

fixed detuning, the DEL gain is antisymmetric in the beam

placement relative to the gap middie=0; opposite beam n

locations correspond to opposite gaiBé—d)=—G(d). 0.30
Level curves of the efficiency; from Eqgs.(38)—(40) are

plotted ink,d— ¢ space in Fig. 5 fon/y/V,=2 inside an 0.20

A-K gapk,D=2.25. There is a wide range of detunigg

where the electronic efficiency is better than half the maxi-

mum efficiency of 55% obtained &{,d=0.7, {=1.6. That 0.10

demonstrates the small sensitivity of the gain to thermal

spreads and the injected GC location, as well as the high

. S L A N

P

FIG. 5. Level plots of efficiency irk,d— ¢ space. Here,D

=225 andVO /Vb: 2.

0.00 : s :
0 10 20 30 40 50 60

(b) N

w

FIG. 6. Sheet beam efficiency vs number of wiggler perigs
for Vo/Vp=2, k,D=2.25,u/c=0.99, $=0.5°, anda,a,=10 2.
(a) Various beam placements in the gap #+ 0 and(b) various
detuning values for beam placedlgid= 0.90.

bandwidth capability of a DEL amplifier. The optimum beam
placement is a compromise between maximizing the up-
wards trapped fractiof,, at d~D and maximizing the per
particle extracted energy that is proportional to the traveled
distanceD —d. The optimum beam placemedt is inde-
pendent of the external voltage, depending only on the ratio
k,D of the anode-cathode gap to wiggler wavelength.

The efficiency vs the number of wiggler periolg,, ob-
tained by numerical integration of Eq&9), is plotted in
Figs. 6a) and &b) for some typical values of frequency de-
tuning and beam placement in the gap, and Wg/V,=2
inside anA-K gapk,,D=2.25. In all curves the efficiency
approaches quickly the corresponding saturation values,
marked inside the level plot of Fig. 5; for this particular
example, assuming an interaction strengjfa, =102 satu-
ration occurs after only 10—15 wiggler periods.
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227 N EEEE—. aZ cosh2x,X})
-

S - - E — A 2 coslik,Xg)

152 [ ]

(42

Assume for the moment positive detunidg,>0. Then the
right hand side with+) is definitely positive; the eigenval-
ues\, are always real, hence the fixed pointkg¥ =

+ w2+ k[, X, is alwaysunstable The eigenvalues for the
other fixed point ak;, ¥ = — w/2—k/, X, change from real
to pure imaginary wheidyy changes sign. That transition
occurs for radiation power

0.76

0.00

k,, X

0.76 - e

cosh 2k, Xg) Yuh

7 2
<a +
152 [ ] W 2 costik, X()  c2klZcosh k) Xp)

(43

— The combined effect of the wiggler strength variation and the
227 ' 0 ' — space charge induced velocity shear is the formation of
trapped particle islands at low radiation power. Similar con-

KY clusions apply in case of negative detunikig<<0, where the

generically unstable point is now located lgt¥V = — 7/2
FIG. 7. Trapped particle orbits, in the drifting frame, for low —K' X6
rx :

radiation amplitude.

Consider the efficiency in the deeply trapped parameter

Though the results in Figs. 5 and 6 are obtained for con.2N9e: where thes applies in Eq.(43). The maximum ex-

stant radiation amplitude along the wiggler, inclusion of theCUrs'on oX equals the island height, given by
s_elf—cons[stent evqlutlon (o)W vYPuId not reduce the ef,f'l—. 2mAA coshik,Xp)
ciency. Since particles do not “turn around the bucket” in K= - ,
X, the DEL efficiency is not affected by the relation between |Hxd

here it has been assumxg =X, =X/, for the X locations

wiggler length and bounce period; there is no concern 0&\/

“overshooting” from a decrease in the bounce period cause . .

by an increase im, . In fact, for given frequency mismatch, ©f the stable and unstable fixed ,pofntSkézt\P: +m/2. Us-

an increase i, reduces the effective detuning Eq.(34), nd the approximatior(BS) for Hy, in the deeply trapped
and increases the trapped particle fraction in Fig) §it has rezg|on and neglecting the space-charge contribution from
no effect in Fig. 83)]. Given enough interaction length the @b;
DEL efficiency tends to the saturation efficiency; the satura- —
tion length itself decreases as the radiation power increases. 1 \/4A coshx;,Xy)

AX= = \[ oy —— 0L 4
k), Y a2 cosh2k,Xp) 43

(44)

V. EFFICIENCY AT LOW POWER OPERATION . .
It follows that the efficiency(32) is of the order
At low radiation power, roughlya,<a,,, particles in

resonance get trapped in islands, Fig. 7. The maximum par- 2AX Vo Vo 4 [ A coshix;Xg) 46
ticle excursion is limited by the separatrix height, which in 7= H v VvV K 32 VAL
turn, depends on the radiation amplitude. Two consequences D Vo Vol Vay, cosiZi,Xo)
follow: the electronic efficiency is reduced, and it now de-where, for smally, the denominator in E¢32) was taken as
pends on the relation between interaction length and the elegmity. Both the island height and the efficiency scale as
tron “bounce period” around the island. The optimum effi- \/3 /a,,.
ciency scales inversely proportional to the optimum \e now seek the relation between efficiency and the
interaction Iength 11W jUSt as in an FEL. In a DEL, how- bounce frequency7
ever, the coefficient multiplying L{, can be higher than
unity, thus still allowing higher than FEL efficiency.

The stability equations for small perturbatiodX= X’
—X¢, 8¢'={'— ¢ about the fixed points yield the eigen-

’ 1 RV 12
szl)\lzm VmAA coslik, XK 2Hyyl, (47)

value equatior{Appendix B where the deeply trapped region approximati@6) was
applied to|H%y, —HyxH 4| inside the root. Given that the
N2 =(H%y —HyxHyy)/m2Q'2, (41)  optimum grating length is half a bounce period in the labo-

_ ratory frameL,,=u(w/Qy), whereQ,=Q//vy,, one has
where the=* sign corresponds t&/, V= *n/2, —k/, X}

respectively. Substituting the derivativesX, ¢, from Eq. cQ’ my.Buy
(B5) inside Eq.(41) yields Lw=7 17 T A cos X i (48)
w
2KlzK\:v2 "yuwkz)

ExpressingHyy| in terms ofL,, from Eq. (48), and substi-

N2 = A%cost (k| Xp) - *—— VI
- wrol e Ky, A costixy,Xo) tuting for AX in Egs.(44) and (46) yields
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Vo V2w Q' the wiggler (where Eq=By=0) shows that an initial mis-
n= A m oK’ match from the exadEy X B, factor y,,
1 Sy=y=yvu=73B0vy, dv,=v,~u, (52
X 2 RV 212,12\ (49) . . . .
V(@4/2)cost 2, Xo) + yu( 0h/ S xy) causes a GC shiffX from the intended location, given by
Hence, in the low power, trapped particle regime, the DEL Syu+ y,vy c Sy
efficiency scales inversely proportional to the grating length OX= —a YuBu Q 7— (53
u

L, . just as in an FEL.

The factor multiplying 1,L,, in the right-hand side of
Eq. (49 can be larger than unity, tempting the thought that
is higher than the analogous FEL expressighn= m/k,L,,.

It is, but expressiori49) cannot be used for direct compari-
sons with FEL efficiency because the optimum DEL length, . S

half-bounce period.,, , isynot the same ag the optimum FgL tenyal _d|ff(_arence along the beam directian the Larmor
lengthL,, of the same parameters. A direct comparison be-radlus is given by

(the correction fromév,=v, is of order 50)2( and is ne-
glected. The excess energy is converted into cyclotron rota-
tion. Applying energy conservatiomc®y,y, =mcy,+ s »
where y, =1+ Q2p?/2y2c? and we assumed negligible po-

tween the FEL efficiency, written foy,>1 as C [26y\12
=yi= | — (54
* 7um02 PN Q ( Yu )
7 =2- 0 Vaa, (50)
b To maintain good overlapping with radiation one must limit
whereeV, = (v,— 1)mc, and Eq.(46), vields 6X, p well below the radiation waist/y, and/or the gap size
b=(r~1) a.46), y D. From Egs.(563) and(54) p= 6X, hence the tolerance to
7 1 eVy 2 (ysin oly, By \/ coshk. X?) thermal spreads is determined by the condifiéB <1, or
7 k,Dmc a3’ eosply! cosh 2k, Xp)” sy [DQ\?2 1
(51 —< —. (55
Yu c 2y,

for ES and EM wigglers, tively. At derat iggl . .
orts an \WIJQIETS, respectively. /it moderate wigg erThe right-hand side limit is given by 1.7/2[T] D cm]/y?2

strengthsa,,<1, low power DEL operation remains more : ,
efficient than an FEL because the DEL trapped particle exf—”md allows a much more relaxed beam quality constraint than

cursions, scaling as 4, on the wiggler strength, are much 1tS FEL counterpart, given by
larger than those in an FEL that scaleag¥ . s 1

The tendency for higher than M2, efficiency at lower 27 « .
wiggler strength is illustrated in Fig. 8, plotting efficiency vs Yo 2Ny

interaction length at low radiation powey=0.002, and for . .

VoIV, =2 inside amA-K gapk, D =2.25. Ata,=0.50(solid " aDEL, the velocity or energy spreads of the injected beam
curve the maximum 77:0.0"{&—) approxima'\[Ner equals; are converted into spreads in the GC location affecting the
where N,,=60 is the bounce period estimated from the©Verlap in real space. The velocity mismaiuér se which
curve. The optimum efficiencies at progressively lovagr ~ CaUsSes detuning in an FEL, is irrelevant here since the GC'’s
=0.30 anda,=0.15 increase tay=0.055 andy=0.080, ©Of all electrons drift at the same Notice that in a DEL the
much higher than 1/2, with, respectively, X, =50 and required beam quality is not affected by the wiggler length as

2N,,= 120 (estimated from the same curyeBEL operation " @n FEL.

may have advantages in the case of EM wigglers, where the Premature saturation due to the beam slipping outside the
wiggler strength is typically smalk,, <102 radiation envelope, as the electrons drift upwards<inis
W .

now addressed. One intuitively anticipates that overlapping
with the radiation can still be maintained if the radiation
VL. TAPERING AND SENSITIVITY beam is tilted relative to the drift direction, accomplished by
TO THERMAL SPREADS tilting the resonator by a small angte The emission angle

The discussion so far dealt with radiation of uniform cross¢= ¢ Will then be naturally selected through the tilt. Because
sectionda, /dX, as, for example, in case of JEmode ex-  &X) is related to the radiated power through [E83), one
citation in rectangular wave guides. Two issues are raised igan relate the tily=tan™*(XX)/L) to the per-pass resonator
quasioptical (Fabry-Perot resonators, when radiation of a 9ainG=6P,/P.=1/Q, with
finite cross-section envelopg,<D is considered(a) loss of
the beam-radiation overlap after some interaction lermth G Pe 2_D) (57)
due to the off-axis shif{ 5X) of the beam andb) reduction [,Vo L/’
in efficiency, caused by thermal spreads of the injected GC
location. P. being the circulating radiation power ar@ the cavity

The sensitivity to thermal spreads is addressed first. Apguality factor. However, one must still ensure that the gradi-
plication of the canonical momentum conservation betweemnts in the radiation strengtha, /dX do not change signifi-
two points of an electron orbit located inside and far outsidecantly the nature of the particle motion.

(56)

AP, 2D

Vo L

1 1

g=tan" =tan
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FIG. 8. Sheet beam efficiency vs number of wiggler periods al
low radiation powera,=0.002, for V,/V,=2, k,D=2.25, u/c
=0.99. Various curves correspond to different wiggler strengths
a, , as marked.

To include the effects of the finite radiation spot size, a
Gaussian beam of waist, is assumed. The new slow time
scale Hamiltonian is obtained from E@6) by replacing _z;
(X' —d)cosp—Z'sing]?

w5

(58)

area,(x’)zamexp{ -

for an optical beam entering the resonatorXdt=d and
propagating at an angké. In the parallel limit¢)=0 the new
orbits are given byH = const, where

Hh=mcZy] + Ae~ X~ "W coghi ! X' ) (b)
] Al FIG. 9. Effect of a finite radiation cross section on the GC orbits
X sin(K'¥" +kp X")— ra mQ'X’, (59 at zero detuning =0 and Gaussian waist size @ k,wo=75 and
(b) ky,wqo=250.
and the slow phase variation of the Gaussian beam has been
neglected. The gradiedta, /dX’ changes the particle orbits;
it has been showfil] that the orbits become trapped inside Sizew, is abovew,,. Hence the spot-size criterion, obtained

islands when the waist size falls below for ¢=0, holds approximately for sma. The conclusion is
\ confirmed by numerical integration of the GC equations of
Wo<Wg=2(1+ &) ﬁ (60) motion with the fullZ’ dependence in the Gaussian.

. L . VIl. CONCLUSIONS
In that case the maximum excursion is limited by the radia- CONCLUS

tion waistw. The general case of oblique emissi¢s-0 is Comparison between the ES wiggler results derived here,
not amenable to exact analysis because we can no mowgth the corresponding MS wiggler results in REf] shows
eliminate the time dependence and considgran invariant that (a) for equal wiggler strength&,,=B,, the radiated

of the motion[Z' in Eq. (58) depends explicitly on boti’ power in the ES case is modified by the faggry2sing, (b)
andt’]. If the Z' dependence is simply dropped from the the emission angle affects the detuning at given wiggler-
Gaussian exponent for sﬁ+1Iyﬁ<1 one obtains the orbits radiation strengths, ang) for given detuning, the trapped
illustrated in Fig. 8. In Fig. @) the waistw, is below the particle fraction and efficiency are independent of the emis-
limit (60) leading to island formation; the island disappearssion angle. Hence the MS and ES versions operate at the
and unbound motion returns in Fig(, where the waist same efficiency for the same detuning Whemhi/yﬁﬁu.



4720 SPILIOS RIYOPOULOS 56

High power operation of a DEL amplifier using either a 1.00 [y
ES or MS wiggler has the following advantages over an FEL
with the same operation paramete¢a much higher effi-

ciency that is not limited by wiggler lengtlib) higher gain 0.80
per wiggler period owing to the nature of the particle accel- I
eration, and(c) lower sensitivity to the beam thermal 0.60

spreads.

For the high-efficiency mode, the radiation strength much n I
exceed the shear effects from the wiggler gradient and the  0.40
beam space charge. The space charge effects, in the far right I
hand side of Eq(43), are less important than the wiggler

gradient for beam current densities of 0.20
a2 5 0.00
Jp[Alcm?]<0.205y, BV [KV]/N [ cm],
(a)
Jo[A/cn?]<0.205y, B AZ[KVI/NZ[cm],  (61)
1.00
for the ES and MS wiggler. For current densities below Eq. 0.80 |
(61) one must overcome only the wiggler gradient term in [
Eq. (43). Apart from geometric factors of order unity, the
circulating power must be above n 0.60
0.40
P,[MW]=4.3x 10%a2(r/\,)?, (62 oz |
r being the spot-size radius, in order to achieve high effi- 0.00 o 2‘0 4'0 elo Is;o 1(‘)0 120
ciency with unbound excursions. High efficiency favors low Upshift

strength wigglers; a drawback in that case is the increased

start-up current. FIG. 10. Maximum efficiencyy as a function(a) of the beam
For operation at power levels below E@?2), the DEL  energy andb) the upshifting factot) = B,(1+ ,) ¥, for different

efficiency in the trapped island configuration, though scalingajues of the maximum voltagé, that can be sustained over a 1
inversely proportional to the wiggler length, can neverthelesgm gap.

be higher than the 1K, FEL limit. Operation as an oscilla-
tor, starting up from noise, can still have an advantage over
an FEL, particularly in the low wiggler strength regime. An
important application can be tabletop DEL operation with

EM wigglers wherea,, is inherently low. ined he | d
Tapering in a DEL means maintaining the overlapping intalne ovea 1 cmgap. The lowest curve represents todays
state-of-the-art value of 1 MV/cm. The highest efficiency

space between the radiation and the off-axis shifting elec:

trons, and is accomplished simply by tilting the resonator?ceurs at low beam energies and low upshifting factors; the

axis (in an FEL, by contrast, one must vary the wiggler pa—DEL scheme is ideally suited for tabletop microwiggler de-

) vices. Even so, efficiency over 10% can be achieved at up-
rameters to maintain the resonance between electron velocl; y P

; ) : . shifting factor 100; the corresponding untapered FEL limit
tle_s _and phase velocityThe _tllt_angle(57) is small, falling for 50 wiggler periods is just 1%. An even larger efficiency
within the spontaneous emission cofe1/y,, so the de- : S

. i : . payoff by pushing the voltage breakdown limit to 3 and 5
vice can start up from noise. For operation withyEvave

guide modes, where the radiation amplitude is uniformMV/Cm is evident in Fig. 10.
across the beam, no tapering is required.

Unlike an FEL where the efficiency is limited by the in-
teraction physics, the DEL efficiency i).':, only Iimitedyby tech- APPENDIX A: COMPUTATION OF THE RESONANT

Y . . . INTERACTION HAMILTONIAN

nology, meaning the maximum sustainable voltage in the
anode-cathode gap. The DEL efficienay for optimum The Hamiltonian is expressed in the GC coordinates by
beam placemernit,d* =0.7, is plotted as a function of the substituting Eq(20) inside Eqs(18) and(19) with the fields
beam energy and the upshifting facg@(1+ B,) yﬁ in Figs.  given by Egs.(13) and (14). The leading order undulation,
10(a) and 1@b), respectively. Different curves correspond to Eq. (18), becomes

different values of the maximum voltadg, that can be sus-
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Q' eV,
Hg(l',a’,x',Z’)zmcz[ 1-2—+, >

mc2> S QuIX'p)cog ki Z £ N~ ot + ]

S . ! ’ ! A 1 ! ! ! ! ! Ty ™
+yu,[>’usm¢ 2 Z JIm(Kixp ) In(ksp")sin ki X" +k/,Z"+(mMm+n) 6’ —w,t'+n 5

(A1)
whereB,=ulc, B =Q'p'lc, p'=+—21"1Q’" (here the action’ is negative due to the electron counter-rotatjon
Qn(X',p")=hp(kyp")cosH kX" ) = Qn( kyp")SINR 1y, X"), (A2)
and the expansion coefficiertts(«,,p’), q.(x,p') scale ag,~h,~(k,,p')" and are given by
ha(p)= 2 (=1)21,i(p)3(p),
j=even
a,=0, n even,
a(p)= 2 (=D (p)3i(p),
‘ (A3)

= 2 (CDIRL(p)3i(p),

anzg, n odd,

qn<p>=j:2mn<—1>”2|n_ (0 3(p),

with the propertie$,,(p) =h_,(p), dn(p)=—0q_n(p) (the last meang,=0).
We want to eliminate the fast oscillatmg terms from HEAL) considering operation far from resonances between the

wiggling and the cyclotron motion, i.ed/dt(k,Z’'— w,t'+n6")#0. To that end we introduce the new averaged variables
X'",Z' through the canonical transformation

— 581 - aSl
X=X+ ——"—, Z2'=2"-€———,
amQ'Z") a(mQ ' X")
— S,
Ho=Hgy+ — (A4)

at’’

wherea, ,a,, are O(e). The generating functionsl(?,x’,t’) is chosen so as to kill fast varying terms to ordeupon
substitution of Eq(Al) inside Eq.(A4); hence, from

39S,
0 +HO(X’ 7= mc2y| (A5)

follows

CZ’}/U

mc2> E Qn(X',p")siMK,Z + N6 — wlt’ +ay]

!
r

e o~ 7'
~me 2o si”‘ﬁ(m_/}) > 2 Ik )In(kiop e O{kr’xX’+kr’zZ’+(m+n)0’—wr't'“‘g' (A%
m=—o n=—x

Thus, expressingl; in terms of the average? ,? and expanding according to Eq#4) and (A5) yields

HY(X' Z)=m& | 1-2 L+ O(ef) =m T+ AT (A7)
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The Larmor radius and cyclotron frequency are constant to ard€o that order, the fast-time averaged GC location is also
fixed in the drifting frame sinc&l X' =dHy/d(mQ’'Z")=0, dZ'=—dHy/d(mQ’'X")=0. The transformation killed the fast
variation to ordere; it, however, introduced second order fast-beating terms

1 [ oH. oS, oH! 6S!
el N - Rt (A8)
mQ’ | gdx’ 9z' a9z’ ox’

to be considered witl ; .

Finite, slow GC displacement comes from the second order interaction, through the “beating” between the wiggling
motion and the radiation. Expansion of the electromagnetic interactionHernkq. (19), in cyclotron harmonics yields, after
certain rearrangements

=m¢? %) (cos’ cosp— y,sind’ sing) E E In(Kip')3n(Kp )COG K X! +KLZ! +(M+n) 0 —wlt']
+m Cz Buvu —r o sme QN(X ,p')codk;Z' +NO' — wit’ +ay]— —— " mc2

eV , 1
X| ) vipusings 2 2 In(kip )X p ) {eog kX' + (ki ki) Z'+ (MEN) O = (o] + o)t + ay]

2

—cogk; X'+ (k/,—kiy)Z'+(M—=N) 0’ — (@, — o )t" +ay]}+ 5 1 mczyusm2¢(;t2

1 2.2 €AW\
]Jrgmczyuﬁu(W

. aw
[1— > 2 Im(2k!p")J n(2kr’zp')S|r{2k,’XX’+2kr’ZZ’+(m+n)G’—Zwr’t’+n—

m=—o n=—ou 2

] ee] 7T
x[1+im > D In(2khp)dn(2K.p’ )cos{Zlk X'+2k.,Z'+(N+m)6' —2wt'+n = ] (A9)

m=—o© Nn=—o 2

Here, sinceH; is already of second order, one simply substitotes: X', X' =X’ inside Eq.(A9). The first double sum comes
from the mteractlon of the cyclotron rotation with the radiation and the second sum comes from the interaction of the cyclotron
rotation with the undulation. None of the above contains the coudjpgk, characteristic of the FEL emission; they both
correspond to emission at Doppler shifted cyclotron frequencieq1By.far from the DEL operation frequency. It is the third
sum that contains the “beating” of the wiggling motion with the radiation, and leads to emission at the upshifted wiggler as
well as upshifted wiggler-cyclotron harmonics, Efj2). Finally the last two sums contain harmonics of the radiation and the
undulation frequency, respectively.

The slow motion near the DEL frequency, up to orééris obtained by just dropping the fast oscillating terms, eliminating
all but the third sum from Eq(A9). In addition, one must take the,p’ ~k/ p’ ~ € limit since the Larmor radius must be
smaller than the anode-cathode dap of the order of the wiggler perioch’/D~2w/k,,<1. Thus only them=n=N=0
terms, of ordere® survive in the remaining sums inside H&9). Letting Q— cosh(,X") asJgl o— 1—(1/4)(x,,p")* yields

. mc? eA,(
H1=- o (mcz) mc

YL

y2Busingcost k) X" ){cog kX' + (ki +k/,)Z' — (o] + o) )t']—cog k., X' — (k/,—k/,)Z — (o]

2 2

(1+cosh2k, X']) ;. (A10)

+ 7553(%

Only the (+) sign term k; +k;,), corresponding to emission at upshifted frequency is kept{theterms &, —k;,) corre-
spond to emission of downshifted frequency and are out of resonance. Finally, and for the same reason, we discard the terms
(A8) introduced by the transformation, since their harmonic expansion containk,onlky, ,

— o)t} % mcz{ yﬁsinzqs(%

! !

- erkW
)E » ZOmewxp Wnlkizp DMK ") 1y cogkiX” = (kiy = ki) Z' = (o

=—® N=—®

—(mA)%y? usmqb( A')

! !
rsz

W1+ 3k ) In(Kizp VPO ") s ST = (ki) Z! = (0] — w0t (AL1)

Thus combining Eq(A10) with the zeroth-order EqA2) yields the resonanDEL) interaction Hamiltonian
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Hi= cz\/l 21 22eAN21+ 2k}, X’ me’ (eA
rR=M —2 -zt g vBu| 2/ (1+cosh ])—T s 02 yaBusingcoshx,X')
X cog k/ X'+ (k/, +Ki)Z'— (0] + oy)t']. (A12)
|
The “ponderomotive phase’’ is given by Therefore the interaction strength at a frequency displaced by

) e, ) o the nth cyclotron harmonic is smaller than the DEL carrier
=(kiTkp)Z' +kp X' = (or t o)t (A13)  py J ~Q,~(kLp')" [notice that Eq(A18) is also smaller

- . . han the usual cyclotron maser interaction strergyih/dr
The slow phase variation near resonance is characterized b Y (4! 511,
W

dy'/dt'<w, . Since the time-scale separation already im-
plies slow GC motion in the drifting frame kf,

; . APPENDIX B: FIXED POINTS
+ky)dz'/dt’ ~k/,dX'/dt'<w_, the total time derivative

of Eq. (28) yields the resonant condition_+ w,,~=0. In the When the full space charge and wiggler gradient effects
lab frame coordinates that yield E(p) are in the form are retained, the fixed points, zeros of the equations of mo-
tion (298 and(29b), are given by
(11— B,cosp) —k,u=0. (A14)
a
Finally we eliminate the explicit time dependence by de- kizWo+kiXo= +§
fining ¥'=Z' — (0, + oy )t'/(k/,+k;) as the new “posi-
tion” in place of Z’; its new conjugate coordinate remains a2
the samey=X' and the transformed resonant Hamiltonian mc?| k), — 2 cosh 2k X{) £ A sinh kg, X()
becomes
mcZa,a - oy, MALL
H,;=mczyi+2—wr y2Busingcost k. X") = YuMepXo—™ — - (BD)
YL
Al Defining sinhk; X)=¢ yields the solution
Xsin(K/ ¥’ +k/ X')— —=mQ'X’, (A15)
sinh 2 &(y 03/ k,2c?) — Al Q' /K" k! c?
O E==+ T K . Y (B2
T (X')= \/1_2 21 ) AT (1282 1+ &
Expression(B2) is reduced to Eq(34) in the small space
B \/1+ Q’zp’2+_Z w0 charge, small wiggler strength lim,, , w2/ k,2c?><1. The
mc2 Aw(X"), derivatives afX;, ¥ are given by

1 eA,\? , Hip=FmcK'k/ A cosh x,X(),
a(X)=7 vﬁﬁﬁ(m) (1+cosHh2k,X']) ; !

Hyy=FmcK'2A cosh{k,X},), (B3)
1, , [eA)?
+ = yisirt¢| — (A16) kix —2
4 mC2 ’ 12 rx W Xo) F o
Hxx:imCZKW ( __/Z)ACOSKKWXO)+7u '2¢2
P KIZC
where
ay
Kr=kyky=2K,, AL=o+w).  (ALD 17‘”5“2““5)}' .

To estimate mode competition, the closest resonant inter:
action to the fundamental DEL frequency is the hybrid
wiggler-cyclotron frequency, Eq12), described by the fol-
lowing part of Eq.(A9):

Substltutlng into Eq. (41) yields Eq. (42). In the deeply
trapped reg|oraraw<aw, (wp/ck,)?, the factorHy, is ap-
proximated by

2 2

mc? eA , "o 12 ﬂ AV @b

o (m—cz —Cz) YaBuSiNg[J1(xyp ) Qo(X',p") [Hid =mcky/| 5= costi2uyXo) + 7 22| ©9
Jo(kyp)Q1( X", p" ) I{sink/ X"+ (k{,+k/,)Z" + ¢ independent of\, . Also, in the deeply trapped region

— (@] + o)t ]1=sin kX' = (k,—k/,)Z'+ ¢’ |Hw — HixH gy |=mcA costix, X)) K ?Hyy, (B6)

(0 —o)t']} (A18)  where the right-hand side appears in the bounce pé#iad
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